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Chapter 1

Introduction

If G is a finite p-group, K a field of characteristic p. Then, a KG-module
M is an endo-permutation module if Endg (M) =2 M ®p M* has a basis X
invariant under the action of G. In 1978, E. Dade introduced the concept
of endo-permutation modules in the field of modular representation theory
(see [Dad78b] and [Dad78a]). The study of these modules is important in
the field of representation theory as they appear very often. They appear as
sources of irreducible simple modules of groups. In particular, they appear
as sources of simple modules for p-solvable groups (See [Pui88| and [Thé95]).
More precisely L. Puig proved that this source must be isomorphic to the
cap of an endo-permutation module of the form

® Tengfnfg/R(MQ/R),
Q/ReS

where Mg, g is an simple torsion endo-trivial module with vertex /R, and S
is a set of cyclic, quaternion and semi-dihedral sections of the vertex of the
simple K G-module([Maz03]). In the paper [Maz03], a method to explicitly
realize the cap of any such simple module as the source of a simple module
for a finite p-nilpotent group is given.

In contrast, here we focus on the sources of simple modules of finite sim-
ple groups. In particular, we want to see when these sources are endo-
permutation. This thesis is a computational work where we look at sources
of simple modules of simple groups over fields of different charactersitics.
Furthermore, we calculate the respective sources and check if they are endo-
permutation. We use both theoretical arguments and computer programs to
achieve this.

The thesis is structured as follows. In Chapter 2, we introduce all the theo-
retical background required for our work. We start from the notion of relative
projectivity, then define the vertices and sources of simple modules and their
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properties, then define endo-permutation modules and show the algorith-
mic ideas involved, and finally describe block theory and it’s implications on
our aim. In Chapter 3, we look at the sources of simple modules of sporadic
groups M1, Mis, Moo, Mss, J; and Jo. In Chapters 4, Chapter 5 and Chapter
6, we study some more simple groups. Finally, in Chapter 7 we summarize
our observations and make conjectures based on the data collected.



Chapter 2

Preliminaries

In this chapter, we want to introduce all the theoretical background required
for this thesis. We start by talking about modules, then move to relatively
projective modules and then discuss vertices and sources of modules. After
this, we discuss endo-permutation modules. Finally, we discuss block thoery.

2.1 Notation

Unless otherwise mentioned, G is a finite group, p is a prime number, K is
a field of characteristic p, M is a KG-module, H is a p-subgroup of G, P
denotes a finite p-group, V' a vertex and S denotes a source of K G-module M

2.2 Relative Projectivity

For this chapter, we refer to [Web16] Chapter 11 and Chapter 12 and [Alp86]
Chapter 2 and Chapter 4. In the context of modular representation theory
of groups, the relationship between the representations of groups and its
subgroups is seen in the notion of relative projectivity.

Definition 2.2.1. Let H be a subgroup of G and K a field. A KG-module
is said to be H-free if it has the form N 1% for some K H-module N. It
is H-projective or projective relative to H, if it is a direct summand of
a module of the form N1 for some K H-module N.

Theorem 2.2.1. Let G be a finite group with subgroup H. Then the following
are equivalent for a KG-module U

1. The KG-module U 1is H-projective.

3
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2. Whenever ¢ : V. — U is a homomorphism of RG-modules such that ¢ 1%
commutative ring with 1 : V |G— U 1% is a split epimorphism of K H-
modules, then ¢ is a split epimorphism of KG-modules.

3. The KG-module U is a direct summand of U [$1% .

Theorem 2.2.2. Suppose that H is a subgroup of G for which |G: H| is
invertible in the field K, and let U be a KG-module. Then U 1is projective
as a KG-module if and only if U 1S is projective as a KG-module.

Proof. We know that if U is projective then U |% is projective, no matter

what the subgroup H is.

Conversely, if U |% is projective it is a direct summand of a free module K H"

for some n € N. Since U is H-projective it is a direct summand of U [$1¢,

which is a direct summand of K H" 1% = KG". Therefore, U is projective.
O

2.3 Vertices and Sources

In what follows, we explore some techniques that are useful in understanding
simple modules better. In particular, we discuss in some detail the vertices
and sources of modules, and their properties.

Theorem 2.3.1. Let K be a field, and let U be an simple KG-module.

1. There is a unique conjugacy class of subgroups Q) of G that are minimal
subject to the property that U is QQ-projective.

2. Let Q) be a subgroup of G, that is minimal such that U is QQ-projective.
There is an indecomposable KQ-module S that is unique up to
conjugacy by elements of Ng(Q) such that U is a direct summand
of STCG) . Such a module S is necessarily a direct summand of Uig.

Proof. 1. Assume that U is both H-projective and J-projective where H
and J are subgroups of G. Then, U is a direct summand of U |$1%
and also of U [§19, so it is also a direct summand of

UG5S = @ (UG Wonn) M9n ) 15

g€[J\G/H]

= @ (g(UiggmH)) T?m 9|H

g9€[J\G/H]
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VERTICES AND SOURCES bt

using transitivity of restriction and induction. Hence U must be a direct
summand of some module induced from one of the groups J NI H. If
both H and J happen to be minimal subject to the condition that
U is projective relative to these groups, we deduce that J NI H = J,
so J C 9H. Similarly H C 9J for some ¢ and so J and H are
conjugate.

. Let @ be a minimal subgroup reletive to which U is projective. We

know that U is a direct summand of U $8T8 and hence it is a direct
summand of T’ Tg for some indecomposable summand 1" of U ig. Sup-
pose that 7" is another indecomposable module for which U is a direct
summand of 1" Tg. Now T is a direct summand of

T Tgig = @ (g (T/ \LngQ)) Tg n 9Q
9€(Q{}G/Q)

and hence a direct summand of some (Y(T" |gong)) Tg A ag- For this
element g we deduce that U is @) N9 Q-projective and by minimality
of @ we have @ = QNIQ and g € Ng(Q). Now T is a direct summand
of 97", and, since both modules are indecomposable, we have T" =9 T".
We deduce from the fact that T' is a direct summand of U ¢8
that 7 = 9 T must be a direct summand of (¢ U) 1 and hence
of Uig, since ¢ U = U as KG-modules.

O

Definition 2.3.1. A subgroup @ of GG, minimal, relative to which the inde-
composable module U is projective is called a vertex of U, and it is defined
up to conjugacy in G. A K@Q-module S for which U is a direct summand
of S Tg is called a source of U and, given the vertex (), it is defined up
conjugacy by elements of Ng(Q).

We record some properties of vertex.

Theorem 2.3.2. Let K be a field of characteistic p.

1. The Vertices of every indecomposable KG-module are p-subgroups of

G.

2. An indecomposable KG-module is projective if and only if it’s vertex is

3. The vertices of the trivial KG-module K are Sylow p-subgroups of G.
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Proof. 1. We know from Theorem 2.3.1 that every module is projective
relative to a Sylow p-subgroup, and so vertices must be p-subgroups.

2. If an indecomposable module is projective, it is a direct summand
of KG, which is induced from 1, so it must be free as a K-module
and we have vertex < 1 >.

Conversely, if U has vertex < 1 > it is a direct summand of U ¢§1>T§1>,
so if U is free as a K-module it is a direct summand of K1%,.= KG
and hence is projective.

3. Let @ be a vertex of K and P a Sylow p-subgroup of G containing Q).
Then K is a direct summand of K 15, for some g € G. We claim that
for every subgroup H < P, K 14 is an indecomposable K P-module.
From this it follows that K = K TﬁmgQ and that Q = P. The only
simple K P-module is K, and

Homgp(K 14, K) = Hompy (K, K) = K

is a space of dimension 1. This means that K 1% has a unique simple
quotient, and hence is indecomposable.

]

The following is an interesting property of vertices that will be useful
later.

Theorem 2.3.3. Let K be a field of characteristic p and let P be a Sy-
low p-subgroup of the group G. Let V' be an indecomposable K G-module with
vertex Q C P. Then |P: Q| divides dimgV .

As a special case, it follows that if p does not divide dimgV', then P itself is
a vertex of V.

Theorem 2.3.4. (Green Correspondence) Let K be a field of characteris-
tic p. Let QQ be a p-subgroup of G and L a subgroup of G that contains the
normalizer Ng(Q).

1. Let U be an indecomposable RG-module with vertex (). Then in any
decomposition of U 1S as a direct sum of indecomposable modules there
is a unique indecompoasable direct summand f(U) with vertex Q.
Writing U \$= f(U) ® X, each direct summand of X is projective
relative to a subgroup of the form L N*Q) where x € G — L.

2. Let V be an indecomposable K L-module with vertex Q. Then any de-
composition of V 1¢ as a direct sum of indecomposable modules there
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is a unique indecomposbale summand g(V') with vertex Q.
Writing V 1¢= g(V) @Y, each direct summand of Y is projective
relative to a subgroup of the form QQ N*Q) where v € G — L.

3. In the notation of parts (1) and (2) we have

and

2.4 Endo-permutation Modules

In this section we refer to [Thé07] section 2 for our theory. We are concerned
with modules over the group algebra K P. Group algebra KP is finitely
generated since |P| < oo. It was shown that the family of endo-permutation
modules is small enough to be classified and large enough to be useful. Study-
ing these is particularly useful in our scenario because they appear as sources
of simple modules for p-solvable groups.

Definition 2.4.1. A K P-module M is called a permutation module if it
has a basis X which is invariant under the action of P.

We write M = K X. The finite P-set X decomposes as a disjoint union of
orbits and each orbit is isomorphic to a set of cosets P/ for some subgroup
Q@ of P. Thus, KX decomposes accordingly as a direct sum of submodules
of the form K[P/Q)]. Every such module K[P/Q)] is indecomposable. There-
fore, the indecomposable permutation K P-modules are parametrized by the
subgroups of P up to conjugation. In particular, there are finitely many of
them. Since K[P/Q] = Indj(K), its vertex is Q, and therefore the only
decomposable permutation module with vertex P is the trivial module K.
We note that any direct summand of a permutation K P-module is again a
permutation module.

Definition 2.4.2. A K P-module M is called an endo-permutation mod-
ule if Endg (M) is a permutation module.

In the defition above, Endg (M) = M® g M* as a K P-module, where M* =
Homy (M, K) is the dual module and the tensor product is over K. End g (M)
is endowed with its natural K P-module structure coming from the action of
P by conjugation: if g € P and ¢ €Endg (M), then 9¢(m) = g-¢(g'-m)Vm €
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M.
It follows that M is an endo-permutation module if and only if M ®x M*
has a P-invariant basis.

Definition 2.4.3. A K P-module M is called endo-trivial if there exists a
projective K P-module F such that Endg (M) = K @ F as a K P-module.

It is clear that any endo-trivial module is an endo-permutation module
since every projective K P-module is free and since a free K P-module is a
direct sum of copies of K P, which has an obvious P-invariant basis. This
can be stated in the form of a theorem as follows:

Theorem 2.4.1. Let M be a KP-module such that it is an endo-trivial
module. Then, M 1is an endo-permutation K P-module.

The following theorem lists some properties of endo-permutation modules.

Theorem 2.4.2. The class of endo-permutation modules contains the per-
mutation modules. Moerover, it is closed under taking direct summands,
duals, tensor products and restrictions to a subgroup.

Proof. Let M, My, My be endo-permutation K P-modules. We have that

Hence endo-permutation modules are closed under taking duals.
We have the isomorphism

EndK(M1 ®K MQ) = E?’LdK(Ml) ®K E?’LdK(M2>

This combined with the fact that permutation modules are closed under
tensor products gives us that endopermutation modules are closed under
taking tensor products.

Let W be a K P-module such that it is a direct summand of M. Then,
Endg (W) is a direct summand of Endg(M). Since permutation modules
are closed under direct summands, it follows that endo-permutation modules
are closed under taking direct summands.

Let @ be a subgroup of P. Consider M Lg. It is clear that a P -invariant
basis of End (M) is also Q-invariant. Hence endo-permutation modules are
closed under restriction to a subgroup. O

The class of endo-permutation modules is not closed under direct sums
(i.e. If My and M, are endo-permutation modules, then M; & My 2 X
where X is an endo-permutation module), and induction to overgroups. The
natural operation to be used is hence tensor product instead of direct sums.
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2.5 Sources as Endo-permutation Modules

In this thesis we want to investigate the sources of simple modules. In par-
ticular, we want to know if and when these sources are endo-permutation
modules. To accomplish this, we start by stating the following theorem:

Theorem 2.5.1. Let G be a finite group, K a filed of characteristic p and
assume that p | |G|. Let P be a p-subgroup of G such that P is the vertex of
a simple KG-module S. Let V be a K P-module that is a source of S. Then
we have the following:

If Endg(S %) = (S 19)* @k (S 19) is a permutation K P-module, then so
is Endg (V).

Proof. We have from Theorem 2.3.1 S]% 2=V @ X for some K P-module X.
We know that (S1%)* @k (S1$) is an endo-permutation module.

(SIS @k (S18) =2 (Ve X) ok (Vo X)
2V VOV Qqk XX VX @ X

We see that V* @ V is a direct summand of (S [%)* @ (S 1%). Then,
from the Theorem 2.4.2 it must be that V* ®x V is a permutaion K P-
module. O

In view of the Theorem 2.5.1, we are now able to do some calculations as
follows:

Let GG be a finite group, K an algebraically closed field with characteris-
tic p and P a Sylow p-subgroup of G. Let S be a simple KG-module with
vertex P (For example, see Theorem 2.3.3). Then we test whether

(S12) @K (Sip) =X
where X is a K P-permutation module.

This can be achieved using the computer algebra system MAGMA, and
we show our code below:

G:= Group; /* loading required group */
S:=simpleModules(G,GF(1)); */1 is the characteristic of the field.
S;/* we calculate and display the simple KG-modulesx*/

verts:= [Vertex(s): s in S];

[#v : v in verts];
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verts;/* Vertex calculates the Vertices of the simple modules*/
L1:=Restriction(S[i],verts[i]);

L1;/xL1 is the required restriction of the modules.

We use the command Restriction()*/

D1:=Dual(L1);

D1;

T1:=TensorProduct(D1,L1); T1;

/* The command Dual() calculates the dual of the module,
command TensorProduct() to calculate the tesor productx/
IsPermutationModule(T1);

In the code above, we first calculate (S }%)* @5 (S 1) (2 Endk (S 1))
and then use IsPermutationModule() to check if (S |%) is an endo-permutatioin
module. In case when IsPermutaitonModule() returns a false value, we calcu-
late the source of the simple module under investigation, and check to see if
the source is an endo-permutation module. It is important to note here that
while calculating the sources, we must take a field large enough for accurate
computation of the field. This is taken care of in all cases when calculating
the source explicitly was required.

Converse if the Theorem 2.5.1 can be stated as follows:

Theorem 2.5.2. Let G be a finite group, K a filed of characteristic p and
assume that p | |G|. Let P be a p-subgroup of G such that P is the vertezx of a
simple KG-module S. Let V be a K P-module that is a source of S. Then If
Endg (S 1%) = (S 18)* @k (S 1$) is a not a permutation K P-module, then
neither is Endg (V).

We note here that the converse of Theorem 2.5.1 is not true; as will be
seen in the later chapters. Where it is not true is shown in tables in the
following chapters by writing yes* in the tables.

2.6 Block Theory

We describe very briefly block theory as it pertains to our needs in this thesis.
Let K be a field and A be a finite dimensional K-algebra.

2.6.1 Blocks

Theorem 2.6.1. The algebra A has a unique decomposition

A=A+ 1A,
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into a direct sum of ideals, each of which is indecomposable as an algebra.

Proof. Express A = Ay + ... A, as a direct sum of ideals, each of which is
inddecomposable as an algebra. Let B be such a summand in another such
decomposition. It suffices to prove that B = A;, for some ¢, 1 < ¢ < r. Let
b € B and express b = a; + --- + a,, each a; € A;. Since A; has a unit
element, the component of the unit element 1 of A in A;, and B is an ideal,
it follows that a; € B for each i. Hence,

B=(BNA)+---+(BNA4,)

and this is a decomposition of B, inasmuch as each B N A; is an ideal of B.
By the assumption on B we must have that all the summands; except one;
in the expression of B are zero. Hence, B C A; for some i. However, by the
same argument, applied to A; in comparison with the decomposition of A
involving B, we must have A; C B and hence the theorem. O]

The above theorem motivates the following definition.

Definition 2.6.1. Let A be a K-algebra such that it’s unique decomposition
into a direct sum of two sided ideals is given by

A=A ® - DA,
Then the subalgebras A, ..., A, are called the blocks of A.

With the notation A = A;+... A, for the decomposition of A into blocks.
If M is an A-module, A;M = M and A;M = 0 for all ¢ # j, then we say
that M lies in the block A;. Conversely, suppose that N is an A;-module;
we can make NN into an A-module by simply demanding that each A;, j # 1,
annihilates N, and it lies in A;. Each A-module lying in A; clearly arises in
this way.
There is another way to express this. Let 1 = e;+- - -+e¢, be the components
of the unit element 1 so that e; is an element of A;. In particular, since 1 in-
duces the identity on each A-module, if M lies in A;, then e; is the identity on
M and each e;, j # ¢, annihilates M. On the other hand, if this occurs then
M is in A;, as AM = Ae;M = A;M and A;M = Aje; M. This criterion for
lying in a block immediately implies that submodules, quotient modules and
direct sums of modules lying in a block A; also lie in A;. Moreover, if M; and
M; lie in blocks A; and A; respectively, and ¢ # j then Hom,(M;, M;) = 0.
Indeed, if ¢ € Hom4(M;, M;) then e; is the identity on ¢(M;) but e;M; = 0.
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Theorem 2.6.2. If M is am A-module then M has a unique direct sum
decomposition

M = ]\/[1 DD MT
where M; lies in the block A;.

Proof. We set M; = A; M so certainly M; is an A-module and lies in the block
A; while M is the sum of My,..., M, since 1- M = M. Moreover, the sum
is direct. Indeed suppose that m; + --- + m, = 0 where m; € M,. Applying
the unit element of A; to this sum yields m; = 0, for each j,1 < j <r.

On the other hand, suppose m = Ny @ ---@® N,., is a direct sum where N; lies
in A;. Thus, N; = A;N; C A;M = M; so N; C M; and hence N; = M;, since
M is the sum of Ny,..., N,. O]

2.6.2 Defect Groups

We shall now specialize to the case of group algebras. The key idea is to
regard K G as a module for the group algebra k[G x G]: if a € KG, g1,92 € G
then set (g1,92)a = giagy'. Therefore, the submodules of the K[G x G]-
module KG are exactly the ideals of KG. In particular, KG has a unique
decomposition into the direct sum of indecomposable K |G x G]-modules; the
direct summands are the blocks of K'G. These blocks, as K[G x GJ]-modules,
are pairwise non-isomorphic: their annihilators in K[Gx < 1 >] C K[G x G|
are different.

Theorem 2.6.3. If B is a block of KG then B has a vertex, as a K|G x G]-
module, of the form 6D, where D is a p-subgroup of G and

0:G—>GxG,g— (g,9).

Proof. It suffices to prove that the K[G x G]-module B is relatively G-
projective since then G contains a vertex of B. But B is a direct summand
of the K[G x G]-module KG, so we need only to demonstrate that KG is
relatively 0G- projective. But K'G contains the subspace K - 1, which is a
K[6G]-module, in fact it is the trivial K[G]- module. Moreover,

dimgKG = |G|dimy(K - 1) = |G x G: §(G)|dimg (K - 1)
and it is easy to see that K -1 generates the K[G x GJ-module KG. Hence, by

our characterization of induced modules, KG = (K - 1)¢*% so certainly KG
is relatively 0(G)-projective. ]
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Definition 2.6.2. Let B be a block of KG, 0 : G — G x G,g — (g,9),
and D be a p-subgroup of G, such that B has a vertex as a K[G x G]-module
of the form dG. Such subgroups D of G are called defect groups of B. If

D has order p?; where d is a positive integer; then B is said to be of defect
d .

Theorem 2.6.4. Let G be a finite group. K a field of characteristic p. Let M
be an simple K G-module belonging to a block with defect 0. This implies that
source of M is the trivial 1-dimensional module. This implies that source S
of M 1s an endo-permutation module using Theorem2.4.1.

Proof. We know that if the block has defect 0, then the module belonging to
that block is projective. It implies the, that source is an endo-permutation
module. ]

Theorem 2.6.5. Let M be an simple liftable KG-Module with a cyclic de-
fect group with vertex V- and KV -source S. Then S is an endo-permutaion
module.

Proof. [Lin96] Theorem 6.5. O



Chapter 3

Sporadic Groups

3.1 Notation

For all following chapters; unless otherwise mentioned, we refer to notations
as listed below:

1.
2.

10.
11.
12.

S, is an simple K'G-module of dimension n

Sy denotes the dual of 5,,.

. When we have to non-isomorphic non-dual modules of same dimension

we distinguish them be adding index to their dimension, i.e, S,, and
Sp, are two non-isomorphic non-dual modules of dimension n.

V. ia a vertex of S,, with order n. When nothing is mentioned, defect
group is the vertex. Otherwise, the structure of vertices is displayed.

P, is a source of S,,. It is a module of dimension /.

. Yes* impies that these cases show that the converse of theorem 2.5.1 is

not true.

< 1 > denotes trivial group

C,, denotes cyclic group of order n

A, denotes alternating group of degree n
G, denotes symmetric group of degree n
D,, denotes dihedral group of order n

(), denotes quaternion group of order n

14
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13. QD,denotes quasidihedral group of order n
14. A x B denotes direct product of A and B.
15. N: H denotes semidirect product

16. Syl,(G) denotes set of sylow p-subgroups of group G.

Where nothing is mentioned, we used [Con+_85] for information on the simple
groups studied below. Since the source of Sy is always trivial 1-dimensional
module, which is endo-permutation, we sometimes omit it from our discus-
sions, restricting it only to all simple modules except S;. Unless otherwise
mentioned, ”all modules” is meant to be read as all the simple modules of
the concerned group wherever we describe these modules.

3.2 Mathieu Groups

The first five sporadic groups to be discovered were the five Mathieu
groups My, Mys, Msy, Mss and Msyy. They are named after the french
mathematician Emile Léonard Mathieu (1835-1890), who discovered these
groups around 1860.

3.2.1 Mathieu Group M

The smallest of the five Mathieu groups is the group M;; with a cardinality
of |[My| = 7920 = 2*-3%.5.11. Tt is generated by the two permutations
r=(1,4,3,8)(2,3,6,9) and y = (2,10)(4,11)(5,7)(8,9).

Characteristic 2

Table 3.1: The Group M;; for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vie P, 4 SDig Yes
510 Qg P1 4 SD16 Yes*
816 i P 0 <1> Yes
5161 Vi P 0 <1> Yes
544 02 X Cg Pl 4 SD16 Yes*

Here we have three cases: Si, Si6,516, where we know without any calcula-
tions that source is endo-permutation. For S; this is the case since source
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of 1-dimensional module is trivial source, which is endo-permutation by The-
orem 2.4.1. For S5, and Sig, we know that source is endo-permutation
because of Theorem 2.6.4. In all other cases, the defect group is the semi
dihedral group of order 16, and vertices lie in Syly(M;); and source is the
trivial source, and hence endo-permutation. That the trivial source is an
endo-permutation module is made clear from the Theorem 2.4.1. Here, we
also have instances to show that the converse of Theorem 2.5.1 is not true;
indicated in the table by Yes*. In cases where our computation returned a
false value for the command IsPermutationModule() in the code presented in
the previous section, we calculated the source of such a module and checked
to see if it is an endo-permutation module. Unless otherwise mentioned,
these same arguments are used for all other groups studied in this thesis.

Characteristic 3

Table 3.2: The Group M, for characteristic correct this 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sl ‘/9 P 2 03 X 03 Yes

S5 VE) P5 2 03 X Cg No

g ‘/9 P5 2 Cg X 03 No
S0, Vo P 2 C3 x C4 Yes*
5102 ‘/;) P10 2 Cg X Cg No

{02 ‘/9 P10 2 03 X 03 No
524 VE; Pg 2 03 X Cg No
545 i P 0 <1> Yes

Here, the defect group of all modules except Sy5 is the elementary-abelian
group of order 9; in Syl3(Mi;). In all these cases except Sip, sources are not
endo-permutation.
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Characteristic 5

Table 3.3: The Group Mi; for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vs P 1 Cs Yes
S1o, Vi P 0 <1l> Yes
5102 Vi P 0 <1> Yes
Sto, i Sy 0 <1> Yes
811 ‘/:5 P, 1 1 05 Yes*
316 ‘/:r) P1 1 05 Yes*
ST Vs Py 1 Cs Yes*
Sis i P 0 <1> Yes
555 Vi P 0 <1l> Yes

In this case, the defect group of S, 511,516, Sig is the cyclic group of order 5.
All the vertices lie in Syl;(M;;). sources in these case are endo-permutation,
but appear as examples of the fact that the converse of 2.5.1 is not true. In
all the other cases, since the defect group is the trivial group, we already
know without any calculation that sources are endo-permutation.

Characteristic 11

In this case, we have only the trivial cases where sources are endo-permutation.

Table 3.4: The Group Mj; for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/11 P1 1 CH Yes
Sy Vi Py 1 Cn No
Sho Vi P 1 Cn No
STo Vi Py 1 Cn No
S1o Vi S1 1 <1l> Yes
Sie Via Py 1 Ch No
544 Vi P 0 <1l> Yes
855 Vi P 0 <1l> Yes

The non-trivial vertices lie in Syl;;(Mj;). The defect group; when not
trivial; is the cyclic group of order 11. And in these cases, we see that
sources are not endo-permutaiton.
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The next group we study is the Mathieu Group Mis. It is of order |Mys| =
95040 = 26.3%.5-11. It is generated by two permutation z = (1,4)(3,10)(5, 11)(6, 12)
and y = (1,8,9)(2,3,4)(5,12,11)(6,10,7). It can also be generated by the
permutation a = (2,3)(5,6)(8,9)(11,12) and b = (1,2,4)(3,5,7)(6, 8,10)(9, 11, 12).
This group forms the second smallest of the Mathieu Groups. We study the
sources of all the irreducible Modules of this group for the characteristics
p € {2,3,5,11}, and present our results below.

Characteristic 2

Table 3.5: The Group M, for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation
Sy Visa P, 6 (C2x(C2xC2):(C2xC2)):C2 Yes
S1o Va Py 6 (C2x(C2xC2):(C2xC2)):C2 Yes
St Vi P 2 Z27 x Z )27 Yes*
ST Vi P 2 Z2Z x Z[2Z Yes*
544 ‘/64 P44 6 (02X02X02)(02XC2))C2 No
5144 ‘/4 P1 2 02 X 02 Yes*

Here the vertices of Sy, Sig, S lie in Syly(Miz). We see that only in the
case of Sy sources is not endo-permutation. We also three examples; Sig,
Ste and Si44; showing the converse of Theorem 2.5.1 is not true. Note that
in these cases, source module is 1 dimensional.
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Characteristic 3

Table 3.6: The Group M, for characteristic 3

19

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Var P 3 (C3xC3):C3 Yes
S10, Var Py, 3 (C3xC3):C3 No
S10, Var Pyo, 3 (C3xC3):C3 No
5151 ‘/27 P151 3 (OS X O?)) :C3 No
S15, Vaor P, 3 (C3xC3):C3 No
S34 Vaor Py 3 (C3x(C3):C3 No
S5, C3xC3 Ps 3 (C3xC3):C3 No
5452 C3 xC3 Pﬁ 3 <C3 X 03) :C3 No
5453 V}) P1 1 03 Yes*
854 Vi P1 0 <1l> Yes
Sog V3 P1 1 Cs Yes*

Here vertices of S1, S10,,5105,515,,515,, S32, S5, and Sys, lie in Sylz(Mi2).
These belong to the principal block with defect 3. In all these cases, sources
are not endo-permutation. In all other cases, source are endo-permutation.
Ss4 lies in a block with defect 0 and hence requires no computation. Sy5, and
Syqg illustrate the converse of theorem 2.5.1 is not true.

Characteristic 5

Table 3.7: The Group M, for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vs P 1 Cs Yes
5111 ‘/5 P1 1 C5 Yes*
5112 ‘/5 P1 1 05 Yes*
5161 ‘/:5 P1 1 05 Yes*
5162 ‘/5 P1 1 05 Yes*
S4s Vi P 0 <1l> Yes
Sss, Vi Py 0 <1> Yes
5552 Vi P 0 <1l> Yes
5553 i P 0 <1l> Yes
566 ‘/5 P1 1 05 Yes*
S?S ‘/5 P3 1 05 No
Sog Vs P; 1 Cs No
5120 ‘/1 P1 0 <1> Yes
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Here vertices of 517511175112751617S1627‘S667S78 and Sgg lie in Sy15(M12) These
lie in blocks with defect 3. Only for S7s and Sgg, sources are not endo-
permutation. In all other cases, source are 1 dimensional trivial modules and
hence endo-permutation. Here again, we see in abundance illustration of the
fact that the converse of theorem 2.5.1 is not true.

The modules Sy5, Ss5,, S55,, 55, and Sigo lie in blocks with defect 0 and
hence require no computation.

Characteristic 11

Table 3.8: The Group M, for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si Vi Py 1 Ch Yes
Si1, i P 0 <1> Yes
S11, i P 0 <1l> Yes
S1e Via P 1 Cn No
Sag Vi Py 1 Cn No
Ss3 Vi Py 1 Cn No
Sss, Vi P 0 <1l> Yes
Sss, i P 0 <1> Yes
5553 Vi P 0 <1> Yes
566 i P 0 <1l> Yes
So1 Vi Py 1 Cn No
596 i P 0 <1> Yes
Si76 i P 0 <1> Yes

Here we notice that all modules that lie in a block of defect 1 have sources that
are not endo-permutation modules (except S7). In all other cases, the simple
modules lie in blocks of defect 0 and hence must have the trivial module as
their source and therefore, sources are endo-permutation modules.

3.2.3 Mathieu Group My,

Let us now consider the Mathieu group Moy with |Mays| = 443520 = 27 - 32
5-7-11. It is generated by the permutations

x = (1,13)((2,8)(3,16)(4, 12)(6,22)(7,17)(9,10)(11, 14)
and

y=(1,22,3,21)(2,18,4,13)(5,12)(6,11,7,15)(8, 14, 20, 10)(17, 19).
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It was originally defined by Mathieu [Cra07]. We study the sources of simple
modules of My, in fields of charactersitic p € {2,3,5,7,11}. The following
tables present the results of our investigation.

Characteristic 2

Table 3.9: The Group My, for characteristic 2

Module | Vertex | Source | Defect Defect Group EP?
Sl ‘/128 P1 7 (02 X Cg X 02 X Cg) : Cg) : OQ) : OQ Yes
S1io Vias P 7 (Cy x Cy x Cy x Cy) : Cy) : Cy) : Cy
STO ‘/128 P10 7 (C2 X Cg X C2 X Cg) : Cg) : Cg) : CQ
534 ‘/128 P34 7 (Cg X 02 X Cg X 02) : OQ) . Cg) . 02
S70 Vigg P70 7 (02 X Cg X 02 X Cg) : Cg) : CQ) . CQ
S;O ‘/128 P70 7 (02 X Cg X 02 X Cg) : Cz) : CQ) : CQ
Sos Vias Pog 7 (Cy x Cy x Cy x C3) : Cy) = Cy) : Cy

Here, read EP as Endo-permutation.

For My, in field of characteristic 2, all the simple modules lie in the prin-
cipal block. The defect of the block in 7 and vertices of the modules lie in
Syla(Mas). None of sources are endo-permutation modules.

Characteristic 3

Table 3.10: The Group Ms, for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/9 P 2 Cg X 03 Yes
821 ‘/Eg P3 1 03 No
545 Vi P 0 <1l> Yes
Sis Vi P 0 <1l> Yes
Sig 7 Py 2 C3 x C3 No
SZQ ‘/9 P4 2 Cg X C3 No
555 V;) P1 2 Og X 03 Yes*
Sgg i P 0 <1l> Yes
Sa10 Vs P 1 Cs No
Sa31 Vo Py 2 C3 x C3 No

Here, for modules lying in blocks of defect 1, sources are not endo-permutation
modules. For modules lying in blocks of defect 2 all modules except Sss
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sources are not endo-permutation. Except Sss, the only time sources are
endo-permutation is when the corresponding modules lie in blocks of de-
fect 0.

Charactersitic 5

Table 3.11: The Group My, for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V}) P 1 1 05 Yes
521 ‘/5 P, 1 1 05 No
Sis i P 0 <1l> Yes
Sis i P 0 <1> Yes
555 |4 P 0 <1l> Yes
Sgg V% P. 3 1 05 No
5133 ‘/:5 P. 3 1 05 No
S910 i P 0 <1l> Yes
5280 Vvl P 1 0 <1> Yes
S3%0 i P 0 <1> Yes
5385 i P 0 <1l> Yes

The modules Sa1, Sgg, Si33 lie in the principal block with defect 1. Vertices
of these modules lie in Syl;(Mas). sources of all these blocks are not endo-
permutation modules. All other simple modules lie in blocks with defect 0
and have sources that are endo-permutation modules.

Charactersitic 7

Table 3.12: The Group My, for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/'7 P, 1 1 07 Yes
521 i P 0 <1> Yes
Sus V7 Py 1 Cr No
554 V7 P 5 1 C7 No
5154 Vi P 0 <1l> Yes
5210 i P 0 <1l> Yes
5231 i P 0 <1l> Yes
Sag0 Vi P 0 <1l> Yes
S0 Vi P 0 <1l> Yes
5385 Vi Py 0 <1l> Yes
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The modules Sy5 and Ss4 lie in the principal block with defect 1. Vertices
of these modules lie in Syl;(Mas). Sources of all these blocks are not endo-
permutation modules. All other simple modules lie in blocks with defect 0
and have sources that are endo-permutation modules.

Charactersitic 11

Table 3.13: The Group M, for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/11 P, 1 1 011 Yes
Sao Vi Py 1 Cn No
5451 Vi Py 1 Cn Yes™
5452 Via P 1 Cn Yes*
555 i P 0 <1l> Yes
Sgg Vi P 0 <1l> Yes
5154 Vi P 0 <1l> Yes
Si90 Vi Py 1 Cn Yes
S931 i P 0 <1l> Yes
S385 Vi P 0 <1l> Yes

The modules Sy, Sag, Sus,,915,, S190 lie in the principal block with defect 1.
Vertices of these modules lie in Syly;(Mas). Sources of all these modules are
endo-permutation modules except Sgg. All other simple modules lie in blocks
with defect 0 and have sources that are endo-permutation modules.

3.2.4 Mathieu Group My3

The Mathieu group Mo is of order 10200960 = 27 -32-.5-7-11-23, and is
generated by the two permutations

r=(1,2)(3,4)(7,8)(9,10)(13,14)(15,16)(19, 20)(21, 22)
and
y=(1,16,11,3)(2,9,21,12)(4, 5, 8,23)(6, 22, 14, 18)(13,20) (15, 17).
This was also originally defined by Mathieu. It is characterized by being

the unique simple group with centralizer of a central involution a partic-
ular extension of the elementary abelian group of order 16 by the simple
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group PSLy(7) [Cra07]. We study this group only in fields of characteristic
p € {2,3}. Here we depend extensively on [DK09] for our calculations. Our
results are presented in tables below.

Characteristic 2

Table 3.14: The Group Mss for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl ‘/128 P1 7 (C4 X C4) : CQ) : CQ) : CQ Yes
511 ‘/128 P11 7 (04 X 04) . CQ) : 02) : CQ No
Sﬁ ‘/128 P11 7 (04 X 04) : CQ) : 02) : 02 No
544 ‘/128 P44 7 (04 X 04) : Cg) : Cg) : Cg No
SZ4 ‘/128 P44 7 (C4 X 04) : CQ) : Cg) : Cg No
S120 Vigs Ps 7 (Cyx Cy): Cy) : Cy) : Cy No
5220 Vias Pyog 7 (04 X 04) : C2) : 02) 1 Oy No
5520 ‘/128 P220 7 (04 X 04) : CQ) : 02) : 02 No
5252 ‘/128 P252 7 (C4 X 04) : Cg) : CQ) : Cg No
Sg96 i P 0 <1l> Yes
Sgo6 Vi P 0 <1> Yes

The modules S1, S11,57;,544,544,5120,5220,9590, and Saso lie in the principal
block with defect 1. Vertices of these modules lie in Sylo(Maz). Sources of
all these modules are not endo-permutation modules (except Sy). All other
simple modules lie in blocks with defect 0 and thus have sources that are
endo-permutation modules.
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Characteristic 3

Table 3.15: The Group Ms3 for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl Vb P 2 Cg X 03 Yes
SQQ ‘/9 P1 2 03 X 03 Yes
545 Vi P 0 <1> Yes
Sis Vi P 0 <1> Yes
5104 ‘/g P5 2 Cg X 03 No
5104 Vb P5 2 Cg X 03 No
8231 ‘/Eg P1 1 03 Yes
5253 ‘/E) P1 2 03 X 03 Yes
5770 VE; P1 2 03 X Cg Yes
S0 Vo P 2 C3 x Cs Yes
So90 Vi P 0 <1l> Yes
S590 Vi P, 0 <1> Yes

51035 i P 0 <1l> Yes

The modules 57, S22,5104,5704,5253,9770,977¢ and S, lie in the principal block
with defect 1. Vertices of these modules lie in Syls(Ma3). Sources of all these
modules are endo-permutation modules, with two exceptions. Module Ss3;
lies in block with defect 1, and all other simple modules lie in blocks with
defect 0. In all these cases modules have sources that are endo-permutation
modules.

3.3 Janko Groups

We investigate the Janko groups J; and Js and present our results.

3.3.1 Janko Group J;

The first Janko group has order 175560 = 23-3-5-7-11-19. The group has
presentation

<a,b:a® =b* = (ab)” = (ablabab™")*)° = (ab(abab™")®abab(ab™")?*)?* = 1 >

Although it has a (relatively) easy permutation representation on 266 points,
it can also be represented as 20-dimensional matrices over GF(2), and as 7-
dimensional matrices over GF(11). It was first considered by Janko, and is
the only sporadic simple group with abelian Sylow 2-subgroups|Cra07]. We
study simple modules of J —1 in fields of charactersistic p € {2,3,5,7,11, 19}
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Characteristic 2

Table 3.16: The Group J; for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation?

Sl Vé P1 3 CQXCQXCQXCQ Yes
520 ‘/8 P12 3 02 X CQ X 02 X CQ No
5561 i P 0 <1> Yes
Ss6, i P 0 <1l> Yes
Ss6, |7 B 3 Cy x Cy x Oy x Cy No
5564 Vé Pg 3 C2 X CQ X CQ X CQ No
S761 ‘/2 P1 1 02 Yes
S762 Vé P12 3 CQ X CQ X CQ X CQ No
51201 i P 0 <1> Yes
S120, i P 0 <1> Yes
51203 ‘/1 P1 0 <1> Yes

The modules S1, S20,5565,956, and Szg, lie in the principal block with defect
3. Vertices of these modules lie in Syly(Ma3). Sources of all these modules
are not endo-permutation modules (except S7). Module Sy, lies in block
with defect 1 and all other simple modules lie in blocks with defect 0 and
have sources that are endo-permutation modules.

Characteristic 3

Table 3.17: The Group J; for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
51 VE; P; 1 1 Cg Yes
556 VE), P, 1 1 Cg Yes*
556 VEJ, P, 1 1 03 Yes*
S7e Vs P 1 Cs Yes*
S76 Vs Py 1 Cs Yes*
577 VE; P 1 1 Cg Yes*
577 ‘/3 P, 1 1 03 Yes*
5120 i P 0 <1l> Yes
S120 Vi P 0 <1> Yes
S120 Vi P, 0 <1> Yes
5133 ‘/3 P 1 1 Cg Yes*
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The simple modules of group J; in field of charaacteristic 3 is an example
where all the simple modules have sources that are endo-permutation mod-
ules.

Characteristic 5

Table 3.18: The Group J; for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

S Vs P 1 Cs Yes

Ss6 Vs P; 1 Cs No

S76, Vs P 1 Cs Yes*

5762 ‘/5 P, 1 1 05 Yes*

S77 ‘/:5 P, 1 1 05 Yes*
51201 i P 0 <1> Yes
S120, Vi P 0 <1l> Yes
S1204 Vi P 0 <1l> Yes

S133 Vs P 1 Cs No

Here, we have only two cases; Ss¢ and Si33; with sources that are not
endo-permutation modules. Both these modules lie in block of defect 1 with
vertices in Syls(J;). Modules Szg,, S7s, and Sy7 also lie in block of defect
1 but have trivial sources. These 3 modules are also examples of the fact
that converse of theorem 2.5.1 is not true. All other modules lie in blocks of
defect 0 and hence have trivial module as source.
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Characteristic 7

Table 3.19: The Group J; for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P, 1 1 07 Yes
531 V} P 3 1 07 No
545 ‘/7 P. 3 1 07 No
Sse i P 0 <1l> Yes
556 Vi Py 0 <1l> Yes
575 ‘/7 P 5 1 07 No
577 Vi P 0 <1l> Yes
577 i P 0 <1l> Yes
S77 i P 0 <1> Yes
589 V7 P 5 1 C7 No
5120 ‘/7 P, 1 1 07 Yes*
5133 i P 0 <1l> Yes
5133 i P 0 <1> Yes
Si33 i P 0 <1l> Yes

With the exception of Sigp all the simple modules in block of defect 1 have
sources that are not endo-permutaiton modules. All other modules lie in
blocks of defect 0 and have trivial module as source. Hence sources are
endo-permutation moules.
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Characteristic 11

Table 3.20: The Group J; for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/11 P1 1 CH Yes
Sy Vi Py 1 Cn No
Sia Vi P 1 Cn No
Sa7 Vi Py 1 Cn No
Sig Via Py 1 Cn No
Ss6 Vi Py 1 Ci Yes™
Se4 Vi Sy 1 Cn No
Se9 Vii P3 1 Ch No
5771 Vi P 0 <1> Yes
S71, Vi P 0 <1> Yes
5773 ‘/1 P1 0 <1> Yes
S106 Vi Pr 1 Ch No
Stio Vii Py 1 Ch No
S909 Vi P 0 <1l> Yes

With the exception of Ss¢ all the simple modules in block of
defect 1; S;, Sia, So7, Sig, Ses, Seo, S106, S119; have sources that are not
endo-permutaiton modules. All other modules lie in blocks of defect 0 and
have trivial module as source, and hence endo-permutation.
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Characteristic 19

Table 3.21: The Group J; for characteristic 19

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 Vig Py 1 Cho Yes
Sa2 Vig Py 1 Chg No
S34 Vig Pis 1 Cho No
S43 Vig Py 1 Chg No
Sss Vig Pi7 1 Chg No
576 i P 0 <1> Yes
576 i P 0 <1> Yes
Sr7 Vig P 1 Chg Yes™
5133 i P 0 <1l> Yes
8133 Vi P 0 <1l> Yes
5133 Vi P1 0 <1l> Yes
5209 i P 0 <1> Yes

With the exception of S77 all the simple modules in block of

defect 1; S, Ss34, Siz, Ss5; have sources that are not endo-permutaiton
modules. Vertices in these cases lie in Syl;9(.J;). All other modules lie in
blocks of defect 0 and have trivial module as sources. Hence sources are
endo-permutation modules.

3.3.2 Janko Group .J,

The second Janko group J; is of order 604800 = 27 -3%-52-7. The group has
presentation

< a,bla® =b* = (ab)” = [a,b]'* = (ababab *abab~'ab*ababab 'ab 'abab™')* =1 >

[Con+85].
We study the simple modules in fields of characteristic p € {2,3,5,7}
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Characteristic 2

Table 3.22: The Group J, for characteristic 2
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Module | Vertex | Source | Defect Defect Group Endo-permutation?
S1 Vios Py 7 (Cy x Cy) : Co) : Cy) : Cy Yes
S6, Viog Ps 7 ((Cy x Cy) : Cy) : Cq) : Cy No
S, Vios P 7 (Cy x Cy) : Cy) : Cq) : Cy No
Sty Viog Py 7 (Cy x Cy) : Cy) : Cy) : Cy No
S14, Viag Py 7 ((Cy x Cy) : Cy) = Cg) : Cy No
S36 Viog Psg 7 (Cy x Cy) : Cq) : Cy) : Cy No
5641 V;; P2 2 CQ X 02 No
5642 ‘/;L P2 2 Cg X CQ No
Sga Viog Pyy 7 (Cy x Cy) : Cq) : Cy) : Cy No
S160 Vi P 2 Cy x Cy Yes*

With the exception of Sigp all the simple modules; Sg,, Se,, S14y, S145, S36,
Se4,, S74,, Os4; have sources that are not endo-permutaiton modules. There

are no modules in a block of defect O.

Characteristic 3

Table 3.23: The Group J, for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sl ‘/27 P1 3 (03 X 03) . 03 Yes
Sis, Var Py 3 (C3 x C3) : Cs No
S13, Var Pz 3 (C3 x C5) : Cs No
So1, Var Py 3 (C3 x C3) : C3 No
So1, Var Py 3 (C5 x C3) : Cs No
S36 V3 Py 1 Cs Yes*
Ss7, Var Py 3 (C3 x C3) : Cs No
5572 ‘/27 P3 3 (Cg X Cg) : Cg No
Se3 V3 Py 1 Cs Yes*
Soo V3 Py 1 Cs Yes*
S133 Var Prg 3 (C3 x C3) : Cs No
S189, Vi Py 0 <1l> Yes
S189, Vi Py 0 <1> Yes
S925 V3 P 1 Cs Yes*
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Here, modules in the principal blOCk, 5131, 5132 ,5211, 5212 5571, 5572 ,5133; lie in
block of defect 3 with vertices lying in Syls(J2) and have sources that are not
endo-permutation modules. In all other cases, sources are the trivial module
and hence endo-permutation. In cases of modules in blocks of defect 1, these
serve to show that the converse of theorem 2.5.1 is not true.

Characteristic 5

Table 3.24: The Group J; for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/25 P1 2 05 X 05 Yes
S1a Vas Py 2 Cs x Cs No
So1 Vas Py 2 Cs x Cs No
S Vos Pig 2 Cs x Cs No
S7o Vs P 1 Cs No
Sgs Vos Py 2 Cs x Cs No
Sg() ‘/5 P1 1 05 Yes*
5175 i P 0 <1l> Yes
Sigy Vas Py 2 Cs x Cs No
S995 Vi P, 0 <1> Yes
5300 Vi Py 0 <1l> Yes

Here, modules in the principal block; Si4, S91,541, Ss5 S175, Ss57,; lie in block
of defect 2 with vertices lying in Syls(J2) and have sources that are not endo-
permutation modules. In all other cases, sources are the trivial module and
hence endo-permutation. In cases of modules in blocks of defect 1, these
serve to show that the converse of theorem 2.5.1 is not true.
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Characteristic 7

Table 3.25: The Group J5 for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sl ‘/7 P1 1 05 Yes
5141 i P 0 <1> Yes
S14, Vi P 0 <1> Yes
So1, Vi P 0 <1> Yes
5212 Vi P 0 <1l> Yes
836 ‘/7 P1 1 05 Yes*
SG3 i P 0 <1> Yes
S70, Vi P 0 <1l> Yes
S70, Vi P 0 <1> Yes
Sgg ‘/7 P5 1 05 No
Sio1 Vi P 1 Cs No
5124 ‘/7 P5 1 05 No
S196 Vi P 0 <1l> Yes
Si7s Vi P 0 <1> Yes
51891 1% P 0 <1l> Yes
51892 ‘/1 P1 0 <1l> Yes
5199 ‘/7 Sg 1 05 No
So24, Vi P 0 <1l> Yes
So24, i P 0 <1l> Yes
5336 Vi P 0 <1l> Yes

With the exception of Ssq all the simple modules in block of

defect 1; Sgg, S101, S124, S199; have sources that are not endo-permutaiton
modules. Vertices in these cases lie in Syly(J3). All other modules lie in
blocks of defect 0 and have trivial module as sources. Hence sources are
endo-permutation modules.



Chapter 4

Simple Alternating Groups

4.1 The Alternating Group A;

The alternating group As = Ly(4) = Ly(5) is the smallest alternating group
of order 60 = 2% -3 -5. It is generated by the permutations = = (1,2)(3,4)
and y = (1, 3,5). It’s standard presentation is given by

<a,bla® =b* = (ab)’ =1 >

[Con+85]. We study the modules of this group in fields of characteristic
p € {2,3,5} and present our results below.

4.1.1 Characteristic 2

Table 4.1: The Group Aj; for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
51 VZ; P1 2 CQ X CQ Yes
S21 ‘/4 P, 2 2 02 X 02 No
Sa, Vi Py 2 Cy x Cy No
S4 ‘/1 P, 1 0 <1l> Yes

All the simple modules in block of defect 2; Sy,, Sa,; have sources that are
not endo-permutaiton modules. Vertices in these cases lie in Syly(A5). All
other modules lie in blocks of defect 0 and have trivial module as sources.
Hence, these sources are endo-permutation modules.

34
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4.1.2 Characteristic 3

Table 4.2: The Group Aj; for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/Eg P, 1 1 03 Yes
Sg i P 0 <1> Yes
S5 Vi P 0 <1l> Yes
Sy Vs P 1 Cs Yes

Here we have that all simple modules have as source the trivial 1 dimensional
module, and are hence endo-permutation.

4.1.3 Characteristic 5

Table 4.3: The Group As for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/5 P, 1 1 05 Yes
Ss Vs P; 1 Cs No
S5 Vi P 0 <1l> Yes

Module S3 lies in block of defect 1 has sources that is not endo-permutation.
Vertices of modules in block of defect 1 lie in Syls(As).

4.2 The Alternating Group Ag

The group Ag = Ly(9) has order 360 = 23.32.5. It is generated by per-
mutations = = (1,2)(3,4) and y =!1,2,3,5)(4,6). It’s presentation is given
by

< a,bla* =b* = (ab)’ = (ab*)° =1 >

[Con+85]. We study simple modules of this group in fields of characteristic
p € {2,3,5} and present our results below.
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4.2.1 Characteristic 2
Table 4.4: The Group Ag for characteristic 2
Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 | Py 3 Dg Yes
Su, Cy X Cy Py 3 Dy No
5472 CQ X 02 P4 3 Dg No
Sg Vi Py 0 <1> Yes
Sy Vi P 0 <1> Yes

All the simple modules in block of defect 3; Sy,, S4,; have sources that are
not endo-permutaiton modules. Vertices in these cases lie in Syly(A4g). All
other modules lie in blocks of defect 0 and have trivial module as sources.
Hence, these sources are endo-permutation modules.

4.2.2 Characteristic 3

Table 4.5: The Group Ag for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/9 P 3 03 X 03 Yes
531 VE) P3 3 Cg X Cg No
S32 ‘/9 P. 3 3 05 X 03 No
Sy Vo Ps 3 C5 x (4 No
Sg Vi P 0 <1l> Yes

All the simple modules in block of defect 2; Ss,, Ss,, S4; have sources that
are not endo-permutaiton modules. Vertices in these cases lie in Syla(As).
All other modules lie in blocks of defect 0 and have trivial module as sources.
Hence, these sources are endo-permutation modules.

4.3 The Alternating Group A;

The alternating group A; has order 2520 = 23 .32 .5.7. It is generated by
the permutation x = (1,2,3) and y = (3,4,5,6,7). It has as it’s standard
presentation

< a,bla® =b° = (ab)" = (aab)? = (ab~2ab*)* =1 > .

We study the simple modules in fields of
characteristic p € {2,3,5,7} and present our results below [Con+85].
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4.3.1 Characteristic 2

Table 4.6: The Group A; for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl Vé P, 1 3 Dg Yes
541 V;l P 4 2 02 X Cg No
S, Vi Py 2 Cy x Oy No
SG ‘/4 P1 2 Cg X 02 Yes
314 V;L P, 1 2 02 X CQ Yes
SQ() V;L P 4 2 CQ X Cg No

All the simple modules in block of defect 2. Vertices in these cases lie
in Syly(A7). The modules Sy,, Sy, and Sy have sources that are not endo-
permutation modules. All other modules have sources that is the trivial 1
dimensional module and are hence endo-permutation.

4.3.2 Characteristic 3

Table 4.7: The Group A; for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl VE) P 2 Cg X 03 Yes
SG ‘/Eg P, 1 1 03 Yes
5101 ‘/E) P, 1 2 03 X 03 Yes
S0, Vo P 2 C5 x C4 Yes
S13 Vo Py 2 C3 x C3 No
515 ‘/3 P, 1 1 Cg Yes

With the exception of Si3, all simple modules have sources that are endo-
permutaiton modules.
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4.3.3 Characteristic 5

Table 4.8: The Group A; for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/5 P 1 1 05 Yes
56 ‘/:5 P, 1 1 05 Yes
Sg ‘/5 P 3 1 05 No
S0, Vi P 0 <1l> Yes
S0, i P 0 <1> Yes
513 ‘/:5 P. 3 1 C5 No
515 i P 0 <1l> Yes
535 Vi P 0 <1l> Yes

With the exception of Sg, all simple modules in blocks of defect 1 have
sources that are not endo-permutaiton modules.Vertices lie in Syls(A7). All
other modules lie in blocks of defect 0 and therefore have sources that endo-
permutation modules.

4.3.4 Characteristic 7

Table 4.9: The Group A; for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P 1 1 07 Yes
85 V} P 5 1 07 No
SlO ‘/7 P. 3 1 07 No
S14, i P 0 <1l> Yes
Si4, Vi P, 0 <1> Yes
Sa1 i P 1 <1l> Yes
535 Vi P 0 <1l> Yes

All simple modules in blocks of defect 1 have sources that are not endo-
permutaiton modules. Vertices lie in Syl7(A7). All other modules lie in blocks
of defect 0 and therefore have sources that endo-permutation modules.

4.4 The Alternating Group Ag

The alternating group Ag = L4(2) has order 20160 = 2°.32.5.7. It is
generated by the permutations z = (1,2,3) and y = (2,3,4,5,6,7,8). We
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study simple modules in fields of characteristic p € {2,3,5,7} and present

oour results below [Con-+85].

4.4.1 Characteristic 2

Table 4.10: The Group Ag for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl ‘/64 P1 6 (Cg X Cg X Cg X Cg) : CQ . Cg Yes
S4 %4 P4 6 (CQXCQXCQXCQ)ICQiCQ No
S4 ‘/64 P4 6 (CQXCQXCQXCQ)ICQZCQ No
56 ‘/64 P6 6 (CQXCQXCQXCQ)ICQICQ No
Sia Via Py 6 (Cy x Cy x Cy x Cy) : Cy = Cy No
SQ() ‘/64 P20 6 (Cg X CQ X CQ X CQ) . CQ . CQ No
SQO ‘/64 P20 6 (CQ X 02 X CQ X 02) . OQ . 02 No
864 Vi P 0 <1> Yes

All simple modules in blocks of defect 6 have sources that are not endo-
permutaiton modules. Vertices lie in Syla(Ag). All other modules lie in blocks
of defect 0 and therefore have sources that endo-permutation modules.

4.4.2 Characteristic 3

Table 4.11: The Group Ag for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl % P, 1 2 03 X 03 Yes
S Vo P 2 C5 x C4 Yes
513 ‘/g P 4 2 Cg X 03 No
521 V:fg P. 3 1 03 No
828 ‘/9 P 2 Cg X 03 Yes
535 ‘/E) P, 1 2 03 X 03 Yes
S5, Vi P 0 <1l> Yes
Sz, Vi P, 0 <1> Yes

With the exception of Si3, all simple modules in blocks of defect 1 have
sources that are endo-permutaiton modules.Vertices lie in Syl;(As). Module
So1 lies in block of defect 1 and has source that is not endo-permutation.
All other modules lie in blocks of defect 0 and therefore have sources that

endo-permutation modules.
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4.4.3 Characteristic 5

Table 4.12: The Group Ag for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vs P 1 Cs Yes
Sy Vs P, 1 Cs Yes
513 ‘/5 P 3 1 C5 No
SQO Vi P 0 <1l> Yes
3211 V}) P 1 1 05 Yes
5212 ‘/5 P. 3 1 05 No
Sas i P 0 <1l> Yes
543 ‘/5 P 3 1 05 No
5451 Vi P 0 <1l> Yes
3452 Vi P 1 0 <1l> Yes
570 i P 0 <1> Yes

With the exception of S;, all simple modules in blocks of defect 1 have
sources that are not endo-permutaiton modules.Vertices lie in Syls(Ag). All
other modules lie in blocks of defect 0 and therefore have sources that endo-
permutation modules.

4.4.4 Characteristic 7

Table 4.13: The Group Ag for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
St V7 P 1 Cr Yes
57 i P 0 <1l> Yes
514 i P 0 <1l> Yes
519 ‘/7 P 5 1 07 No
Sa1 i P 0 <1> Yes
Sa1 i P 0 <1> Yes
521 Vi P 0 <1l> Yes
528 i P 0 <1l> Yes
535 Vi P 0 <1l> Yes
545 ‘/7 P. 3 1 07 No
S5 Vi P, 0 <1> Yes
570 Vi Py 0 <1l> Yes
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The modules S74 and Sy5 lie in the principal block of defect 1. Vertices of
these modules lie in Syl;(As) and sources are not endo-permutation modules.
All other modules lie in blocks of defect 0 and hence have sources that are
endo-permutation modules.

4.5 The Alternating Group Ag

The alternating group Ay has order 181440 = 26.3%.5.7. It can be generated
by the permutations x = (1,2,3) and y = (3,4,5,6,7,8,9) [Con+85]. We
study the simple modules in fields of characteristic p € {2, 3,5, 7} and present
our results below.

4.5.1 Characteristic 2

Table 4.14: The Group Ay for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl ‘/64 P1 6 ((Cg X 02 X Cg X 02) . CQ) . Cg Yes
Sy Ve b 3 Dyg Yes
Sg Via Py 6 ((Cy x Cy x Cy x Cy) = Cy) = Cy No
Sg ‘/64 Pg 6 ((CQ X Cg X CQ X Cg) . Cz) . CQ No
520 ‘/64 PQ(] 6 ((CQ X 02 X CQ X 02) . 02) . 02 No
SQ() ‘/64 P20 6 ((CQ X CQ X Cg X CQ) . CQ) . Cg No
SQ@ %4 Pg@ 6 ((Cg X 02 X Cg X 02) : 02) : CQ No
Sis Cy x Cs P 6 ((Cy x Cy x Cy x Cy) = Cy) = Cy Yes*
S?S ‘/64 P14 6 ((Cg X Cg X 02 X Cg) . CQ) : CQ No
5160 CQ X 02 P, 6 ((CQ X Cg X CQ X Cg) : 02) : 02 No

All simple modules in blocks of defect 4 have sources that are not endo-
permutaiton modules. Vertices lie in Syla(Ag). All other modules lie in blocks
of defect 0 and therefore have sources that endo-permutation modules.
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4.5.2 Charecteristic 3

Table 4.15: The Group Ay for characteristic 3

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl Vél P 4 (03 X 03 X 03) : 03 Yes
S7 Vél P7 4 (Cg X 03 X 03) : 03 No
521 ‘/81 P21 4 (03 X 03 X 03) : 03 No
Sz V3 Py 1 Cs Yes*
S35 Vai Py 4 (C3 x C3 x C3) : C3 No
Sat Va1 Py 4 (C3 x C3 x C3) : C3 No
5162 Vi P 0 <1l> Yes
5189 VEJ, Pl 1 03 Yes*

All simple modules in blocks of defect 4 have sources that are not endo-
permutaiton modules. Vertices lie in Syl3(Ag). All modules that lie in blocks
of defect 1 and defect 0 have sources that endo-permutation modules.

4.5.3 Characteristic 5

Table 4.16: The Group Ay for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vs P 1 Cs Yes
Sy Vs P 1 Cs Yes
521 ‘/:5 P. 3 1 C5 No
527 ‘/:5 P, 1 1 C5 Yes*
528 V:tg P, 1 1 05 Yes*
534 VE; P. 3 1 05 No
Sas i P 0 <1> Yes
S35 Vi Py 0 <1> Yes
556 ‘/:5 P, 1 1 C5 Yes*
583 ‘/5 P. 3 1 05 No
5105 ‘/1 P 1 0 <1> Yes
S120 Vi P 0 <1> Yes
S133 Vs Ps 1 Cs No
S134 Vs Py 1 Cs No
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4.5.4 Charactersitic 7

Table 4.17: The Group Ag for characteristic 7
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S V- P 1 Cy Yes
Sg V7 P1 1 07 Yes*
Slg ‘/7 P5 1 07 No
5211 Vi P 0 <1l> Yes
So1, Vi P 0 <1l> Yes
Sas Vi P 0 <1l> Yes
535 Vi P 0 <1l> Yes
835 Vi P 0 <1l> Yes
842 ‘/1 P1 0 <1l> Yes
S47 ‘/7 P5 1 07 No
Ss6 i P 0 C; Yes
SS4 ‘/1 P1 0 C7 Yes
5101 ‘/7 P3 1 07 No
8105 Vi P 0 <1l> Yes
5115 ‘/7 P3 1 07 No
S16s Vi P 0 <1l> Yes
Slgg Vi P 0 <1> Yes

With the exception of Sy all simple modules in blocks of defect 1 have sources
that are not endo-permutaiton modules. Vertices lie in Syl7(Ag). All mod-
ules that lie in blocks of defect defect 0 have sources that endo-permutation

modules.

4.6 The Alternating Group Ajg

The alternating group A;o has order 1814400 = 27 - 3* .52 .7 and can be

generated by the permutations x = (1,2,3) and y = (2,3,4,5,6,7,8,9,10).

We study idecomposable modules in fields of charactersic p € {2,3,5,7} and

present our results below|Con+85].
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Characteristic 2

Table 4.18: The Group A;q for characteristic 2

Module | Vertex | Source | Defect Defect Group EP?
Si Vias P 7 (Dg x Dg) : Cy Yes
Sg Viag Py 7 (Dg x Dg) : Cy No
S16 Viu Py 6 ((Cy x Cy x Cy x Cq) : Cy) : Cy | No
Sa6 Viasg Py 7 (Dg x Dg) : Cy No
Sag Vias Pyg 7 (Dg x Dg) : Cy No
Sea Vi Py 2 Cy x Oy No
Sea Vi Py 2 Cy x Cy No
S160 Vi P 2 Cy x Cy Yes*
Sios Vi Pr 7 (Dg x Dg) : Cy No
S200 Vea Py 6 ((Cy x Oy x Oy x Cg) : Cs) : Cy | No
S334 Vi Py 0 <1> Yes
S334 Vi Py 0 <1> Yes

Read EP as Endo-permutation.

With the exception of Sig9p and modules lying in blocks with defect 0; all
simple modules in blocks of have sources that are not endo-permutaiton
modules. Vertices lie in Syla(Ajp).

4.6.1 Characteristic 3

Table 4.19: The Group Ay for characteristic 3

Module | Vertex | Source | Defect Defect Group Endo-permutation?
S1 Va1 Py 1 (C3 x C3 x C3) : C3 Yes
Sg VE) P 2 (03 X 03 Yes
534 ‘/81 P7 4 (Cg X 03 X Cg) : 03 No
Ssg Vo P 2 (C5 x Cs Yes*
Su Va1 Py 4 (C3 x C3 x C3) : Cs No
Ssa Var P 4 Cy x O3 x Cy Yes*
S9o Vo P 2 (C5 x Cs Yes*
S126 Vo Py 2 (C5 x Cs Yes*
Sa24 Vi Pss 4 (C5 x C3 x C3) : Cs No
3279 % P4 2 (Cg X Cg No
Ss67 Vi Py 0 <1> Yes
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All the simple modules that lie in the principal block with defect 4 ; Sy, S34,
Su1, and Sy ; have sources that are not endo-permutation modules. Vertices
of these modules lie in Syl3(Ajg). All other modules have sources that are
endo-permutaiton modules.

4.6.2 Charactersitic 5

Table 4.20: The Group Ajg for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 Vas P 2 (5 x Cs Yes
Sy Vos P 2 Cs x Cs No
Sog Vas Pyg 2 C5 x Cs No
834 ‘/25 Pg 2 05 X 05 No
Sg5 ‘/5 Pg 1 05 Yes
S35 Vos Py 2 Cs x Cs No
Sas Vos P 2 Cs x Cs No
555 ‘/5 P5 1 C5 No
Ss6 Vas Psg 2 Cs x Cs No
875 i P 0 <1l> Yes
5133 ‘/25 Pg 2 05 X 05 No
S133 Vos P 2 Cs x Cs No
Siss Vs P 1 Cs No
5160 ‘/5 P1 1 05 Yes*
Sair Vas Py 2 Cs x Cs No
5225 i P 0 <1> Yes
S300 Vi P 0 <1l> Yes
535(] Vi P 0 <1> Yes
5450 Vi P 0 <1l> Yes
8525 ‘/1 P1 0 <1l> Yes

All simple modules in blocks of defect 2 have sources that are not endo-
permutaiton modules. Vertices lie in Syl5(A19). All modules that lie in blocks
of defect defect 0 have sources that endo-permutation modules.
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4.6.3 Characteristic 7

Table 4.21: The Group A, for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V} P1 1 07 Yes
So Ve P 1 C; Yes*
Sas i P 0 <1> Yes
536 V7 P1 1 07 Yes*
Sao 1% Pys 0 <1l> Yes
566 V} P5 1 07 No
584 i Paa 0 <1> Yes
589 V7 P5 1 C7 No
5101 V7 P3 1 C7 No
Si24 Vz Py 1 Cy No
5126 Vi P126 0 <1l> Yes
5199 ‘/7 P3 1 07 No
S910 i Psio 0 <1> Yes
S994 i Psoy 0 <1> Yes
Sa24 Vi Paay 0 <1> Yes
5252 ‘/1 P252 0 <1l> Yes
5315 i Psi5 0 <1l> Yes
Sas0 i Psxo 0 <1> Yes
S334 Vi Ps 1 Cy No
5525 Vi P525 0 <1l> Yes
5567 i Pser 0 <1l> Yes




Chapter 5

Simple Linear Groups

5.1 The Linear Group Ly(7)

Linear group Ls(7) = L3(2) is of order 168 = 23 -3 -7 It has standard
presentation < a,bla® = v* = (ab)” = [a,b]* = 1 >. We study simple
modules in fields of characteristic p € {2, 3,7} and present our results below.

5.1.1 Characteristic 2

Table 5.1: The Group Ls(7) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl Vé P, 1 3 Dg Yes
Ss Vs Py 3 Dg No
Ss Vs P; 3 Dg No
Sg Vi P 0 <1l> Yes

All simple modules in blocks of defect 2 have sources that are not endo-
permutation modules. Vertices lie in Syly(Ls7). All modules that lie in blocks
of defect defect 0 have sources that are endo-permutation modules.
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5.1.2 Characteristic 3

Table 5.2: The Group Ls(7) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si Vs Py 1 Cs Yes
Sg |4 P 0 <1l> Yes
53 i P 0 <1l> Yes
Sﬁ Vi P 0 <1l> Yes
S Vs P 1 Cs Yes*

In this case, all simple modules have sources that are endo-permutation mod-

ules.

5.1.3 Characteristic 7

Table 5.3: The Group Lo(7) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P, 1 1 07 Yes
Sg V} P 3 1 07 No
S5 Vz Ps 1 Cr No
S i P 0 <1> Yes

All simple modules in blocks of defect 1 have sources that are not endo-
permutation modules. Vertices lie in Syl7(L27). All modules that lie in

blocks of defect defect 0 have sources that endo-permutation modules.

5.2 The Linear Group L(8)

Linear group Lo(7) = L3(2) is of order 504 = 23 - 3% .7 It has standard
(ababab~'ababab™tab™')? =1 >. We
study simple modules in fields of characteristic p € {2,3,7} and present our

presentation < a,bla* = b = (ab)”

results below.
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5.2.1 Characteristic 2

Table 5.4: The Group Lo(8) for characteristic 2
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/8 P1 3 Cg X Cg X Cg Yes
SQ ‘/8 P 3 03 X 03 X 03 No
SQ ‘/8 P3 3 03 X 03 X 03 No
Sg ‘/é PQ 3 03 X 03 X 03 No
S4 Vé P4 3 Cg X 03 X Cg No
Sy Vs Py 3 C3 x C3 x Cfy No
S4 ‘/8 P, 3 Cg X 03 X Cg No
Sg ‘/1 P1 0 <1l> Yes

All simple modules in blocks of defect 3 have sources that are not endo-
permutation modules. Vertices lie in Syly(L2s).

5.2.2 Characteristic 3

Table 5.5: The Group Ls(8) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/g P, 1 2 Cg Yes
57 ‘/E) P. 7 2 Cg No
Sy Vi P 0 <1l> Yes
Sy Vi P 0 <1> Yes
Sg ‘/1 P, 1 0 <1> Yes

All simple modules in blocks of defect 2 have sources that are not endo-
permutation modules. Vertices lie in Syl3(L2g). All other modules lie in

blocks of defect 0.
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5.2.3 Characteristic 7

Table 5.6: The Group Ls(8) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V7 P 1 1 C7 Yes
57 i P 0 <1l> Yes
87 i P 0 <1l> Yes
57 i P 0 <1l> Yes
S i P 0 <1l> Yes
Sg V7 P 1 Cy Yes

Here we see that all simple modules have trivial module as source and hence
sources are endo-permutation modules.
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5.3 The Linear Group Ly(11)

The linear group Ly(7) = L3(2) is of order 550 = 22-3%-5-11 It has standard
presentation < a,bla® = b* = (ab)"[a,babab)> = 1 >. We study simple
modules in fields of characteristic p € {2,3,5,11} and present our results
below.

5.3.1 Characteristic 2

Table 5.7: The Group Ls(11) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V;L P1 2 CQ X CQ Yes
55 V;L P, 1 2 CQ X Cg Yes*
S Vi P 2 Cy x Oy Yes*
S1io Vs P 1 Cy Yes*
512 i P 0 <1l> Yes
812 i P 0 <1l> Yes

Here again we see that all simple modules have sources that are endo-
permutation.

5.3.2 Characteristic 3

Table 5.8: The Group Ls(11) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/Eg P, 1 1 03 Yes
Ss, V3 Py 1 Cs No
Ss, V3 Py 1 Cs No
SIO ‘/3 P, 1 1 Cg Yes*
5121 1% P 0 <1l> Yes
5122 ‘/1 P, 1 0 <1l> Yes

With the exception of Sy, all modules in block of defect 1 have sources
that are not endo-permutation modules. Vertices of these modules lies in
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5.3.3 Characteristic 5

Table 5.9: The Group Ls(11) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/5 P 1 1 C5 Yes
851 i P 0 <1l> Yes
552 i P 0 <1l> Yes
3102 i P 0 <1l> Yes
S0, i P 0 <1l> Yes
511 V}, P, 1 1 C5 Yes

All modules in this case have sources that are endo-permutation modules.

5.3.4 Characteristic 11

Table 5.10: The Group Ly(11) for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/11 P1 1 011 Yes
S Vi Py 1 Cn No
S5 Vi P 1 Cn No
Sz Vi P; 1 Cn No
Sy Via Py 1 Cn No
S11 |4 P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.4 The Linear Group Ly(13)
The linear group Ly(7) = L3(2) is of order 1092. We study simple modules

in fields of characteristic p € {2,3,7,13} and present our results below.

5.4.1 Characteristic 2

Table 5.11: The Group L(13) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl VZ; P1 2 CQ X CQ Yes
S@ ‘/;L PQ 2 02 X Cg No
S@' V;L PQ 2 02 X Cg No
S Vi P 0 <1l> Yes
512 ‘/1 P1 0 <1> Yes
S1o i =] 0 <1l> Yes
814 ‘/2 P1 1 CQ Yes*

Only the modules that lie in the principal block of defect 2 have sources that
are not end-permutation modules.

5.4.2 Characteristic 3

Table 5.12: The Group Ls(13) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl Vg P 1 1 Cg Yes
57 ‘/3 P1 1 03 Yes*
57 ‘/Ez, P1 1 03 Yes*
S Vi P 0 <1l> Yes
S Vi P, 0 <1> Yes
512 ‘/1 P, 1 0 <1> Yes
813 V:g P, 1 1 03 Yes*

This case is another example of all sourcess being endo-permutation.
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5.4.3 Characteristic 7

Table 5.13: The Group Ls(13) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V7 P 1 1 C7 Yes
871 Vi P 0 <1l> Yes
572 Vi P 0 <1l> Yes
512 ‘/7 P 5 1 07 No
S14, i P 0 <1l> Yes
S14, i P 0 <1> Yes

With the exception of Sio; that lies in block of defect 1; all other modules
have sources that are endo-permutation modules.

5.4.4 Characteristic 13

Table 5.14: The Group Ls(13) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/13 P1 1 Clg Yes
S Vis Py 1 Cis No
S5 Viz P 1 Ch3 No
Sy Viz Py 1 Cis No
Sy Vis Py 1 Cis No
Sh Vis Pl 1 Ci3 No
Si3 Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.



5.5. THE LINEAR GROUP Ly(17) 95

5.5 The Linear Group Ly(17)

The linear group Lo(17) is of order 32448 = 2*-3%.17. It has

presentation < a,bla® = b* = (ab)!” = ((ab)’(ab™1)?)? = 1 >. We study
simple modules in fields of characteristic p € {2,17} and present our results
below.

5.5.1 Characteristic 2

Table 5.15: The Group L(17) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vie P 4 Dis Yes
Sg Vi Py 2 Cy x Oy No
Sg ‘/4 P4 2 Cg X CQ No
5161 ‘/1 P, 1 0 <1l> Yes
3162 ‘/1 P, 1 0 <1l> Yes
5163 Vi P 0 <1> Yes
Sie, Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 2, have sources that
are not endo-permutation modules.All other modules have sources that are
endo-permutation.

5.5.2 Characteristic 17

Table 5.16: The Group L(17) for characteristic 17

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/17 P1 1 017 Yes
Sy Viz P 1 Cir No
Ss Vi Ps 1 Crr No
Sy Viz Py 1 Chy No
Sy Viz Py 1 Cir No
St Vir Pl 1 Cir No
S13 Viz P3 1 Cir No
Sis Viz Pi5 1 Chr No
517 ‘/1 P1 0 <1> Yes
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All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

5.6 The Linear Group L,(19)

The linear group L,(19) is of order 3420 = 2% 3%.5-19. We study simple
modules in fields of characteristic p € {2,3,5,19} and present our results
below.

5.6.1 Characteristic 2

Table 5.17: The Group L»(19) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
51 VZ; P1 2 Cg X CQ Yes
So, Vi P 2 Cy x Oy Yes*
So, Vi P, 2 Cy x Oy Yes*
5181 ‘/2 P, 1 1 Cg Yes*
3182 ‘/Q P 1 1 Cg Yes*
SQOI Vi P 20 0 <1l> Yes
5203 i P 0 <1> Yes
Sa0, i P 0 <1> Yes
5205 ‘/1 P, 1 0 <1> Yes

All the modules in this case have sources that are endo-permutation.

5.6.2 Characteristic 3

Table 5.18: The Group L(19) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vo P 2 Cy Yes
So, i P 0 <1> Yes
592 ‘/1 P, 1 0 <1l> Yes
3181 ‘/1 P 1 0 <1l> Yes
3182 ‘/1 P 1 0 <1> Yes
Sis, Vi P 0 <1> Yes
Sis, i P 0 <1l> Yes
Slg ‘/9 P, 1 2 Cg Yes
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All modules in this case have sources that are endo-permutation modules.

5.6.3 Characteristic 5

Table 5.19: The Group Ls(19) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/5 P, 1 1 05 Yes
Sgl ‘/5 P 4 1 05 No
So, Vs Py 1 Cs No
Slg ‘/5 P 3 1 C5 No
5201 1% P 0 <1l> Yes
5202 ‘/1 P, 1 0 <1l> Yes
5203 i P 0 <1> Yes
S0, Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

5.6.4 Characteristic 19

Table 5.20: The Group L(19) for characteristic 19

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/19 P1 1 019 Yes
S3 ‘/19 P3 1 Clg No
S5 Vig Py 1 Chg No
S7 Vig Py 1 Chg No
Sg ‘/19 Pg 1 Clg No
Sh Vig Pl 1 Chg No
Si3 Vig P3 1 Chg No
Sis Vig P5 1 Chg No
Str Vig P 1 Chg No
Slg Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.7 The Linear Group L,(16)

The linear group Lo(16) is of order 4080 = 2*-3-5-17. It has presentation
< a,bla® = b = (ab)'® = ((ab)®(ab~')*)* = 1 >.We study simple modules in
fields of characteristic p € {2,3,5,17} and present our results below.

5.7.1

Characteristic 2

Table 5.21: The Group Ls(16) for characteristic 2

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl ‘/16 P1 4 CQ X CQ X CQ X CQ Yes
SQ ‘/16 P2 4 CZXOQXCzXOQ No
So Vie P 4 Cy x Cy x Oy x Cy No
SQ ‘/16 P2 4 CQXCQXCQXCQ No
SQ ‘/16 P2 4 OQXOQXOQXOQ No
S4 Vv16 P4 4 CQXCQXCQXCQ No
54 ‘/16 P4 4 CQXCQXCQXCQ No
54 ‘/16 P4 4 C2><02XC2><02 No
S4 ‘/16 P4 4 CQXCQXCQXCQ No
54 ‘/16 P4 4 OQXCQXOQXCQ No
84 ‘/16 P4 4 OQXCQXOQXCQ No
Sg ‘/16 Pg 4 CQXCQXCQXCQ No
Sy Vie B 4 Cy x Oy x Oy x Cy No
Sy Vie B 4 Cy x Cy x Oy x Cy No
Sg ‘/16 Pg 4 CQXCQXCQXCQ No
516 ‘/1 P16 0 <1l> Yes

All modules that lie in the principal block, with defect 4, have sources that
are not endo-permutation modules.
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5.7.2 Characteristic 3

Table 5.22: The Group L(16) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl VE; P1 1 03 Yes
Sis, Vi P 0 <1l> Yes
5152 Vi P 0 <1> Yes
5153 Vi P 0 <1l> Yes
5154 ‘/1 P1 0 <1l> Yes
5155 i P 0 <1> Yes
S156 Vi P 0 <1l> Yes
S1s, Vi P 0 <1l> Yes
5158 1% P 0 <1l> Yes
816 ‘/Eg P1 1 03 Yes*
517 ‘/é P1 1 03 Yes*
S17 Vs P 1 Cs Yes*

All modules in this case sources that are endo-permutation modules.

5.7.3 Characteristic 5

Table 5.23: The Group Ls(16) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V5 P1 1 05 Yes
5151 Vi P 0 <1l> Yes
5152 Vi P 0 <1l> Yes
S1s, Vi P 0 <1l> Yes
Sis, Vi P 0 <1> Yes
5155 Vi P 0 <1> Yes
5156 Vi P 0 <1l> Yes
5157 i P 0 <1l> Yes
S1ss Vi P 0 <1l> Yes
Si6 Vs P 1 Cs Yes*
517 ‘/5 P1 1 C5 Yes*

All the modules in this case have trivial module as their source and are hence
endo-permutation.
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5.7.4 Characteristic 17

Table 5.24: The Group Ls(16) for characteristic 17

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/17 P1 1 017 Yes
Sis Viz Pi5 1 Cir No
517 i P 0 <1l> Yes
517 i P 0 <1l> Yes
Si7 i P 0 <1l> Yes
517 i P 0 <1> Yes
517 i P 0 <1l> Yes
517 i P 0 <1l> Yes
517 i P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.8 The Linear Group Ly(23)

The linear group L,(23) is of order 6072. We study simple modules in fields
of characteristic p € {2,3,11,13} and present our results below.

5.8.1 Characteristic 2

Table 5.25: The Group L(23) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/8 P, 1 3 Dg Yes
5111 Vé P. 3 3 Dg No
Si1, Vs Py 3 Dg No
Soo Vi Ps 2 Cs x Cy No
5241 Vi P 0 <1> Yes
5242 Vi P 0 <1l> Yes
SQ4 3 i P 0 <1l> Yes
5244 Vi P 0 <1> Yes
Soas Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 3, and modules in
blocks with defect 2 have sources that are not endo-permutation modules.

5.8.2 Characteristic 3

Table 5.26: The Group Ls(23) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl VE} P, 1 1 03 Yes
5111 ‘/Ee, P. 2 1 03 No
Si1, Vs Py 1 Cs No
S22, Vs P 1 Cs Yea*
5222 Vg P, 2 1 Cg No
5241 i P 0 <1l> Yes
3242 i P 0 <1l> Yes
5243 i P 0 <1> Yes
Sou, Vi P 0 <1> Yes
5245 Vi P 0 <1l> Yes
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With the exception of Sas,, all modules in the principal block have sources
that are not endo-permutation modules.

5.8.3 Characteristic 11

Table 5.27: The Group L(23) for characteristic 11

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/11 P1 1 CH Yes
Snl i P 0 <1l> Yes
3112 Vi P 0 <1> Yes
S22, i P 0 <1l> Yes
S22, i P 0 <1> Yes
5223 Vi P 0 <1l> Yes
5224 i P 0 <1l> Yes
3225 Vi P1 0 <1l> Yes
Sos3 Vi Py 1 Cn Yes

All modules that lie in this case have sources that are endo-permutation
modules.

5.8.4 Characteristic 23

Table 5.28: The Group L(23) for characteristic 23

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sh Vas P 1 Ca3 Yes
53 ‘/23 P3 1 023 No
85 ‘/23 P5 1 023 No
57 ‘/23 P7 1 023 No
So Vas Py 1 Cas No
St Va3 Pl 1 Cos No
513 ‘/23 P13 1 023 No
515 ‘/23 P15 1 023 No
517 ‘/23 P17 1 023 No
519 ‘/23 P19 1 023 No
So1 Va3 Pl 1 Cos No
523 Vi P 0 <1l> Yes
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All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.9 The Linear Group L,(25)

5.9.1 Characteristic 2

Table 5.29: The Group Ls(25) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 |7 P, 3 Dy Yes
512 ‘/4 P 4 2 Cg X 02 No
512 ‘/;1 P 4 2 02 X 02 No
3241 i P 0 <1l> Yes
5242 i P 0 <1> Yes
So, Vi Py 0 <1> Yes
5244 Vi P 0 <1l> Yes
5245 i P 0 <1l> Yes
3246 i P 0 <1l> Yes
5266 ‘/4 Pl 2 02 X 02 Yes*

All modules that lie in the block with defect 2 except Sag, have sources that
are not endo-permutation modules.

5.9.2 Characteristic 3

Table 5.30: The Group Ls(25) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl VE), P 1 1 03 Yes
5131 i Pis 0 <1> Yes
Si3, Vs P 1 Cs Yes*
Saa, i P 0 <1> Yes
5242 Vi P 0 <1l> Yes
3243 Vi P 1 0 <1l> Yes
3244 i P 0 <1l> Yes
Sous i P 0 <1l> Yes
Saas Vi Py 0 <1> Yes
525 VE; P, 1 1 Cg Yes*
526 ‘/3 P, 1 1 Cg Yes*

All modules have sources that are endo-permutation modules.
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5.9.3 Characteristic 5

Table 5.31: The Group Ls(25) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/25 P1 2 05 X 05 Yes
531 ‘/25 P3 2 05 X 05 No
832 ‘/25 P3 2 05 X 05 No
54 ‘/25 P4 2 05 X 05 No
Ss, Vas Py 2 Cs % Cs No
Ss, Vas | P 2 Cs x Cs No
Sgl ‘/25 Pg 2 C5 X 05 No
882 ‘/25 Pg 2 05 X 05 No
Sg ‘/25 Pg 2 05 X 05 No
Sis. | Vas | P.5 2 Oy x Cs No
S, | Vas | P 2 Cs x Cy No
516 ‘/25 P16 2 C5 X C5 No
825 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 2, have sources that
are not endo-permutation modules.

5.9.4 Characteristic 13

Table 5.32: The Group L9(25) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vis P 1 13 Yes
513 ‘/1 P 1 0 <1> Yes
513 Vi P 0 <1l> Yes
Soa Vis Py 1 Ci3 No
5261 i P 0 <1> Yes
Sa6, Vi P 0 <1l> Yes
So6, Vi P 0 <1l> Yes
5264 1% P 0 <1l> Yes
5265 ‘/1 P, 1 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.10 The Linear Group L,(27)

The linear group L,(27) is of order 9828 = 2% .33 .7-13. We study simple
modules in fields of characteristic p € {2,3,7,13} and present our results
below.

5.10.1 Characteristic 2

Table 5.33: The Group Ls(27) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/21 P1 2 02 X 02 Yes
3131 V;; P1 2 02 X 02 Yes*
3132 ‘/21 Pl 2 Cg X OQ Yes*
Sa6, V5 P 1 Cy Yes*
5262 va P1 1 C2 Yes*
5263 ‘/2 Pg 1 Cg No
Sggl i P 0 <1l> Yes
5282 i P 0 <1l> Yes
Sog, i P 0 <1l> Yes
Sos, i P 0 <1> Yes
5280 Vi P 0 <1l> Yes
S286 i P 0 <1l> Yes

With the exception of Sy, all the modules have sources that are endo-
permutation.
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5.10.2 Characteristic 3

Table 5.34: The Group L(27) for characteristic 3
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Var P 3 C3 x C3 x (4 Yes
Sgl ‘/27 P3 3 Cg X Cg X Cg No
532 ‘/27 P3 3 03 X 03 X 03 No
833 ‘/27 P3 3 03 X 03 X 03 No
541 ‘/27 P4 3 03 X 03 X 03 No
542 ‘/27 P4 3 Cg X 03 X Cg No
S43 ‘/27 P4 3 Cg X Cg X Cg No
Sgl ‘/27 Pg 3 03 X 03 X 03 No
892 ‘/27 Pg 3 03 X 03 X 03 No
5121 ‘/27 P12 3 03 X 03 X 03 No
S12, Var Py 3 C3 x Oy x Cy No
S1a, Vaor Py 3 C3 x C3 x (4 No
527 1% P 0 <1l> Yes

All modules that lie in the principal block, with defect 3, have sources that
are not endo-permutation modules.

5.10.3 Characteristic 7

Table 5.35: The Group Lo(27) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P1 1 C7 Yes
5131 ‘/7 P6 1 07 No
5132 ‘/7 P6 1 07 No
326 ‘/7 P5 1 07 No
Sas, Vi P 0 <1l> Yes
5282 Vi P 0 <1> Yes
5283 i P 0 <1l> Yes
5284 Vi P 0 <1l> Yes
5285 i P 0 <1l> Yes
Sage Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.10.4 Characteristic 13

Table 5.36: The Group L(27) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/13 P, 1 1 013 Yes
5131 Vi P 0 <1l> Yes
Si3, i P 0 <1> Yes
Sa6, i P 0 <1> Yes
5262 Vi P 0 <1l> Yes
3263 i P 0 <1l> Yes
3264 i P 0 <1> Yes
5265 i P 0 <1> Yes
Sa6, Vi P, 0 <1> Yes
Sor Viz P 1 Chs Yes*

All modules have sources that are endo-permutation modules.

5.11 The Linear Group L,(29)

The linear group Lo(20) is of order 12180. We study simple modules in fields
of characteristic p € {2,3,5,7} and present our results below.
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5.11.1 Characteristic 2

Table 5.37: The Group L(29) for characteristic 2
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/4 P1 2 CQ X Cg Yes
5141 VZ; P2 2 Cg X CQ No
5142 V;L PQ 2 02 X CQ No
5281 i P 0 <1> Yes
Sas, Vi P 0 <1l> Yes
5283 Vi P 0 <1> Yes
5284 i P 0 <1l> Yes
5285 i P 0 <1l> Yes
5286 i P 0 <1l> Yes
Sag, Vi P 0 <1l> Yes
S30, Vs P 1 Cy Yes*
5302 ‘/2 PQ 1 CQ No
5303 ‘/2 P2 1 02 No

All modules that lie in the principal block (with defect 2) and blocks with

defect 1 except Ssp, have sources that are not endo-permutation modules.
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5.11.2 Characteristic 3

Table 5.38: The Group L(29) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vs P 1 Cs Yes
Sis, i P 0 <1l> Yes
5152 Vvl P 1 0 <1> Yes
5281 VE; P, 1 1 03 Yes
S282 VE), P. 2 1 Cg No
Sgg 3 VEJ, P, 2 1 Cg No
S30, i P 0 <1l> Yes
S30, Vi P, 0 <1> Yes
5303 i P 0 <1l> Yes
Sgo4 i P 0 <1l> Yes
3305 i P 0 <1> Yes
S306 i P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

5.11.3 Characteristic 5

Table 5.39: The Group L(29) for characteristic 5

Module | Vertex | Source | Defect Group | Endo-permutation?
Sl ‘/5 P, 1 1 05 Yes
515 i P, 15 0 <1l> Yes
Sis i Pis 0 <1l> Yes
Sag Vs Py 1 Cs Yes
528 ‘/5 P 2 1 C5 Yes
S30 Vi P 0 <1l> Yes
530 Vi P 0 <1l> Yes
530 i Py 0 <1> Yes
S30 Vi Psq 0 <1> Yes
530 Vi Py 0 <1l> Yes
S30 Vi P 0 <1l> Yes

All modules that have sources that not endo-permutation modules.
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5.11.4 Characteristic 7

Table 5.40: The Group L(29) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P, 1 1 07 Yes
5151 ‘/7 P, 1 1 07 Yes*
Sis, V- P 1 C; Yes*
5281 ‘/1 P, 1 0 <1> Yes
5282 ‘/1 P, 1 0 <1l> Yes
5283 ‘/1 P, 1 0 <1l> Yes
5284 Vi P 0 <1> Yes
Soss Vi P 0 <1l> Yes
5286 ‘/1 P, 1 0 <1> Yes
5287 Vi P 0 <1l> Yes
Sgg ‘/7 P, 1 1 07 Yes*

All modules have sources that are endo-permutation modules.

5.12 The Linear Group L»(31)

The linear group Lo(31) is of order 14880 = 2° - 3- 5 - 31.1t has

presentation < a,bla®* = b* = [a,b]*abla, b][a, bab][a, b abab] = 1 >. We
study simple modules in fields of characteristic p € {2,3,5,31} and present
our results below.
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5.12.1 Characteristic 2

Table 5.41: The Group Ls(31) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/32 P1 5 D32 Yes
S1s, V3o Prs 5 D3y No
S15, Vso Pis 5 D3y No
3321 i P 0 <1l> Yes
5322 i P 0 <1> Yes
5323 i P 0 <1> Yes
5324 i P 0 <1l> Yes
3325 i P 0 <1l> Yes
5325 i P 0 <1l> Yes
5326 i P 0 <1> Yes

All modules that lie in the principal block, with defect 5, have sources that
are not endo-permutation modules.
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5.12.2 Characteristic 3

Table 5.42: The Group L»(31) for characteristic 3
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vs P 1 Cs Yes
5151 ‘/1 P, 1 0 <1> Yes
5152 1% P 0 <1l> Yes
5301 Vi P 0 <1l> Yes
5302 Vi P 0 <1> Yes
S304 Vi P 0 <1l> Yes
5304 Vi P 0 <1l> Yes
5305 i P 0 <1l> Yes
5306 i P 0 <1l> Yes
5307 i P 0 <1> Yes
S31 Vs P 1 Cs Yes*
S3a, Vs Py 1 Cs Yes*
5322 ‘/3 P, 1 1 Cg Yes*

All modules have sources that are endo-permutation modules.

5.12.3 Characteristic 5

Table 5.43: The Group L»(31) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vs P 1 Cs Yes
5151 ‘/1 P, 1 0 <1> Yes
S15, Vi P 0 <1> Yes
5301 Vi P 0 <1l> Yes
5302 Vi P 0 <1> Yes
S304 Vi P 0 <1l> Yes
5304 Vi P 0 <1l> Yes
5305 i P 0 <1l> Yes
5306 Vi P 0 <1l> Yes
5307 i P 0 <1l> Yes
S31 Vs P 1 Cs Yes*
S39 Vs Py 1 Cs Yes*

All modules have sources that are endo-permutation modules.
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5.12.4 Characteristic 31

Table 5.44: The Group L»(31) for characteristic 31

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Va1 P 1 (s Yes
S3 Va1 Ps 1 Cs No
55 ‘/3),1 P5 1 031 No
87 ‘/Egl P7 1 031 NO
Sg ‘/31 Pg 1 031 NO
St Vs Py 1 U3 No
S13 Vs Pi3 1 U3 No
S1s Va1 Pis 1 O3 No
Str Vaq Pi7 1 O3 No
Sto Va1 Py 1 Csn No
So1 Vs Py 1 U3 No
So3 Vs P3 1 U3 No
Sos Vs Pys 1 O3 No
So7 Vaq Py 1 O3 No
Sa9 Vai Py 1 O3 No
531 ‘/1 Pl 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

5.13 The Linear Group L,(32)

The linear group Ly(32) is of order 32736 = 2° - 3- 11 - 31.It has presentation
< a,bla® = b = (ab)®* = (ab)*(ab"tabab™1)?(ab)*(ab™!)? = 1 >. We study
simple modules in fields of characteristic p € {2,3,11,31} and present our
results below.
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5.13.1 Characteristic 2

Table 5.45: The Group Ls(32) for characteristic 2
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Module | Vertex | Source | Defect Defect Group Endo-permutation?
Si V3o Py ) Coy x Cy x Oy x Cy x Oy Yes
521 ‘/32 P2 5 CQXCQXCQXCQXOQ No
822 ‘/32 PQ 5! CQXCQXOQXCQXOQ No
So, Vo Py ) Cy x Oy x Cy x Uy x Cy No
Sa, Vo Py ) Cy x Oy x Cy x Cy x Oy No
525 ‘/32 P2 5 C2XCQXC2XCQXC2 No
541 ‘/32 P4 5} CQXCQXCQXCQXCQ No
842 ‘/32 P4 5! OQXCQXOQXCQXOQ No
543 VE’Q P4 5 02 X Cg X 02 X Cg X 02 No
Su, Vo Py ) Cy x Oy x Cy x Cy x Cy No
S45 ‘/32 P4 5 C2XCQXC2XCQXC2 No
S46 ‘/32 P4 ) CQXCQXCQXCQXCQ No
547 ‘/32 P4 5} OQXCQXOQXCQXCQ No
548 VE’)Q P4 5! OQXCQXCQXCQXCQ No
Siq Vo Py 5 Cy x Cy x Cy x Cy x Oy No
S0 Vg Py 5 Cy x Cy x Oy x Cy x Cy No
581 ‘/32 P8 5 CQXCQXCQXCQXCQ No
582 ‘/32 P8 5} CQXOQXCQXOQXOQ No
Sgg VEJ,Q Pg 5 CQXCQXCQXCQXCQ No
Sg, Vo Py ) Cy x Oy x Cy x Cy x Cy No
Sg, Vo Py ) Cy x Oy x Cy x Cy x Oy No
S86 ‘/32 P8 5 CQXCQXCQXCQXCQ No
587 ‘/32 P8 5} CQXCQXCQXOQXCQ No
888 %2 P8 5! CQXCQXOQXCQXOQ No
S, Vo Py ) Cy x Oy x Cy x Cy x Cy No
S810 Vo Py ) Cy x Oy x Cy x Cy x Oy No
S16, V3o Pig ) Cy x Cy x Oy x Oy x Cy No
Si6, Vao P 5 Cy x Cy x Cy x Cy x Cy No
T Vso P 5 Cy x Cy x Cy x Cy x Cy No
S164 Vo Pig b} Cy x Oy x Cy x Cy x Oy No
S16s Vo Pig ) Cy x Cy x Cy x Cy x Cy No
S32 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 5, have sources that
are not endo-permutation modules.
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5.13.2 Characteristic 3

Table 5.46: The Group Lo(32) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sy Vs P 1 Cs Yes
5311 ‘/3 P1 1 Cg Yes*
5312 VE; Pg 1 Cg No
S313 VE), Pg 1 03 No
5314 ‘/3 P2 1 03 No
Sane Vs Py 1 C, No
5316 ‘/3 Pg 1 Cg No
5331 i P 0 <1> Yes
S332 i P 0 <1l> Yes
3335 i P 0 <1l> Yes
Ss3, Vi P 0 <1l> Yes
S3s, Vi P, 0 <1> Yes
5336 i P 0 <1l> Yes
3337 i P 0 <1l> Yes
5338 i P 0 <1l> Yes
S33, i P 0 <1> Yes
S33.0 Vi P, 0 <1> Yes
53311 Vi P 0 <1l> Yes
»513312 i P 0 <1l> Yes
83313 i P 0 <1l> Yes
53314 i P 0 <1> Yes
S33,s Vi P, 0 <1> Yes

All modules except Ss31, that lie in the principal block, with defect 1, have
sources that are not endo-permutation modules.
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5.13.3 Characteristic 11

Table 5.47: The Group L9(32) for characteristic 11

7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sl Vi] P1 1 011 Yes
5311 Vi Py 1 Cn No
5312 Via Py 1 Ch No
5331 i P 0 <1l> Yes
5332 Vi P 0 <1l> Yes
5333 i P 0 <1> Yes
5334 Vi P 0 <1> Yes
5335 Vi P 0 <1l> Yes
5336 Vi P 0 <1l> Yes
5337 i P 0 <1l> Yes
5338 i P 0 <1> Yes
5339 Vi P 0 <1> Yes
53310 Vi P 0 <1l> Yes
53311 Vi P 0 <1l> Yes
33312 i P 0 <1l> Yes
33313 i P 0 <1l> Yes
53314 i P 0 <1> Yes
53315 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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5.13.4 Characteristic 31

Table 5.48: The Group Ls(32) for characteristic 31

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?

Sl ‘/Egl P1 1 031 Yes
SSll i Py 0 <1> Yes
Ss1, i Py 0 <1l> Yes
5313 Vvl P31 0 <1> Yes
5314 Vi P31 0 <1l> Yes
3315 Vi P31 0 <1l> Yes
5316 i Py 0 <1l> Yes
Ss1, Vi P 0 <1> Yes
S31g i P 0 <1> Yes
5319 Vi P31 0 <1l> Yes
83110 ‘/1 P31 0 <1l> Yes
83111 Vi P31 0 <1> Yes
S314, i Py 0 <1> Yes
S3144 i Ps 0 <1> Yes
53114 ‘/1 P31 0 <1l> Yes
83115 Vi P31 0 <1l> Yes
33116 Vi P31 0 <1l> Yes
S32 Va1 Py 1 O3 Yes™

All modules have sources that are endo-permutation modules.

5.14 Linear Group L;(3)

Linear group L3(3) is of order 5616 = 2% - 33 - 13. We study simple modules
in fields of characteristic p € {2} and present our results below.
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5.14.1 Characteristic 2

Table 5.49: The Group L3(3) for characteristic 2
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si Vie P 4 QD5 Yes
512 VZ; P1 2 Cg X CQ Yes*
5161 Vi P 0 <1l> Yes
5162 i P 0 <1> Yes
S16s Vi P 0 <1l> Yes
5164 Vi P 0 <1> Yes
Sa6 Vs Py 3 Qs Yes*

All modules have sources that are not endo-permutation modules.



Chapter 6

Some Other Simple Groups

In this chapter, we continue or study for some more simple groups.

6.1 Linear Groups continued

6.1.1

The Linear Group L3(3)

The linear group L3(3) is of order 5616 = 2*-33-13 We study simple modules
in fields of characteristic p € {3,13} and present our results below.

Characteristic 3

Table 6.1: The Group L3(3) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
51 ‘/27 P1 3 (03 X 03) : 03 Yes
S Var P; 3 (C3 x C3) : Cs No
S Var Ps 3 (C3x C3): Cs No
Sﬁ Vor PG 3 (Cg X Cg) : Cg No
56 Var B 3 (03 X 03) : 03 No
57 ‘/27 P7 3 (Cg X 03) . 03 No
Sis Var Py 3 (C3 x C3) : Cs No
Sts Var Py 3 (C5x C3): Cs No
527 ‘/1 P1 0 <1> Yes

All modules that lie in the principal block, with defect 3, have sources that

are not endo-permutation modules.

30
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Characteristic 13

Table 6.2: The Group L3(3) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl Vig P, 1 1 013 Yes
St Vis Py 1 Cis Yes™
Si3 i P 0 <1> Yes
Sie Vis P 1 Ci3 No
5261 ‘/1 P, 1 0 <1l> Yes
5262 i P 0 <1l> Yes
So6, Vi P 0 <1l> Yes
Sag Vi Py 0 <1> Yes

All modules except S1; that lie in the principal block, with defect 1, have
sources that are not endo-permutation modules.

6.1.2 The Linear Group Ls3(4)

The linear group L3(4) is of order 20160 = 2° .32 .5 -7 It has standard
presentation < a,bla® = b* = (ab)” = (ab®)® = (abab?®)" = (ababab*ab™1)> =
1 >. We study simple modules in fields of characteristic p € {2,3,5,7} and
present our results below.

Characteristic 2

Table 6.3: The Group L3(4) for characteristic 2

Module | Vertex | Source | Defect Defect Group EP?
Sl ‘/64 P1 6 ((CQ X 02 X CQ X 02) : CQ) . Cg Yes
Sg ‘/64 Pg 6 ((02 X Cg X 02 X CQ) : 02) : 02 No
Sg ‘/64 Pg 6 ((CQ X Cg X 02 X Cg) . CQ) : 02 No
So Via Py 6 ((Cy x Cy x Oy x Cy) : Cy) : Cy | No
So Via Py 6 ((Cy x Cy x Cy x C3) : Cy) : Cy | No
564 Vi P64 0 <1l> Yes

Read EP as Endo-permutation All modules that lie in the principal block,
with defect 6, have sources that are not endo-permutation modules.
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Characteristic 3

Table 6.4: The Group L3(4) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl % P1 2 C3 X Cg Yes
5151 ‘/9 P@- 2 03 X 03 No
3152 VE; P6 2 03 X Cg No
3153 ‘/E) PG 2 Cg X 03 No
S1e Vo Py 2 C3 x (3 No
Sas, i P 0 <1> Yes
5452 i P 0 <1l> Yes
3631 Vi P 0 <1l> Yes
5632 i P 0 <1l> Yes

All modules that lie in the principal block, with defect 2, have sources that
are not endo-permutation modules.
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Characteristic 5

Table 6.5: The Group L3(4) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
St Vs P 1 Cs Yes
SQ() Vi P 0 <1l> Yes
5351 Vi P 0 <1l> Yes
5352 i P 0 <1> Yes
S35, Vi P 0 <1l> Yes
Sz, Vi P 0 <1l> Yes
5452 i P 0 <1l> Yes
863 ‘/5 P. 3 1 05 No

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

Characteristic 7

Table 6.6: The Group L3(4) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/7 P1 1 07 Yes
S1o Vz P 1 Cr No
5351 Vi P 0 <1l> Yes
5352 i P 0 <1l> Yes
5353 Vi P 0 <1> Yes
545 ‘/7 P3 1 07 No
Se3, Vi P 0 <1l> Yes
5632 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

6.1.3 The Linear Group L;3(5)

The linear group L3(5) is of order 372000 = 2°-3-53-31 It has standard presen-
tation < a,bla® = b® = aba~tbaba"'V?ab~2a"1b?* = abab~%(a"'b*a"1b?)3 =
1 >. We study simple modules in fields of characteristic p € {2,3,5,31} and
present our results below.
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Characteristic 2

Table 6.7: The Group L3(5) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/32 P 5 (04 X 04) : CQ Yes
530 ‘/16 P1 4 04 X 04 Yes
Sgﬁl i P 0 <1l> Yes
Soe, i P 0 <1l> Yes
5963 Vi P 0 <1l> Yes
5964 Vi P 0 <1l> Yes
3965 Vi P 0 <1l> Yes
3966 i P 0 <1> Yes
Soe, i P 0 <1l> Yes
So6s Vi Py 0 <1> Yes
5969 Vi P 0 <1l> Yes

89610 i P 0 <1> Yes
51241 Vé P1 3 Cg Yes*
Sio4, Vie Py 4 Cy x Cy No

All modules that block with defect 4 have sources that are not endo-permutation
modules., while in all other cases, source modules are endo-permutation mod-
ules.
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Characteristic 3

Table 6.8: The Group L3(5) for characteristic 3
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/3 P1 1 Cg Yes
S30 Vi Py 0 <1l> Yes
5311 ‘/Eg P1 1 03 Yes*
5312 ‘/E; P1 1 03 Yes*
Sa1, Vs P 1 Cs Yes*
5961 Vi Py 0 <1l> Yes
5962 i Pyg 0 <1l> Yes
5963 i P96 0 <1l> Yes
5964 i Pyg 0 <1l> Yes
So6s Vi Py 0 <1l> Yes
S96, Vi Py 0 <1> Yes
5967 Vi Py 0 <1l> Yes
S968 Vi P96 0 <1l> Yes
3969 Vi Py 0 <1l> Yes

59610 Vi Pyg 0 <1> Yes
Siod, V3 Py 1 Cs Yes*
51242 ‘/3 P1 1 Cg Yes*
51243 V:g P2 1 03 No
51244 Vé PQ 1 03 No
51245 VE; P1 1 03 Yes*
S1244 Vs P 1 Cs Yes*
S186 Vi P186 0 <1l> Yes

All modules have sources that are endo-permutation modules.
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Characteristic 5

Table 6.9: The Group L3(5) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si Vias Py 3 (C5 x Cs) : Cs Yes
Ss, Vias Py 3 (Cs x C5) : Cs No
S, Vias Py 3 (Cs x C5) : Cs No
Se, Vias Ps 3 (C5 x C5) : Cs No
S6s Vias Py 3 (C5 x C5) : Cs No
Sg Vias Py 3 (C5 x Cs) : Cs No
Sio, Vias Py 3 (Cs5 x Cs) : Cs No
S10, Vias Py 3 (C5 x Cs) : Cs No
S1s, Vias P 3 (C5 x C5) : Cs No
Sis, Vias P 3 (C5 x C5) : Cs No
S154 Vias Pys 3 (C5 x C5) : Cs No
Sis, Vias Pis 3 (C5 x Cs) : Cs No
Sis, Vias Prg 3 (Cs5 x C5) : Cs No
Sis, Vias Pig 3 (Cs x C5) : Cs No
Sto Vias Py 3 (C5 x C5) : Cs No
Sas, Vias Py 3 (C5 x Cs) : Cs No
S35, Vias Pss 3 (C5 x C5) : Cs No
Sag, Vias Py 3 (Cs5 x C5) : Cs No
S3g, Vias Py 3 (Cs x C5) : Cs No
Se0, Vias Feo 3 (C5 x C5) : C5 No
S60, Vias P 3 (Cs5 x C5) : Cs No
Se3 Vias Pss 3 (C5 x Cs) : Cs No
S90, Vias Py 3 (Cs5 x C5) : Cs No
S90, Vias Py 3 (Cs x C5) : Cs No
S125 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 3, have sources that
are not endo-permutation modules.
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Characteristic 31

Table 6.10: The Group L3(5) for characteristic 31
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/31 P1 1 031 Yes
Sag Vai Py 1 Ca No
Ss1, Vi P 0 <1l> Yes
Ss1, Vi P 0 <1l> Yes
5313 Vi P 0 <1l> Yes
So6 Va1 Py 1 Cs No

51241 i P 0 <1l> Yes
S124, Vi P 0 <1l> Yes
S1244 Vi P 0 <1l> Yes
51244 Vi P 0 <1> Yes
51245 ‘/1 P1 0 <1l> Yes
51246 ‘/1 P1 0 <1l> Yes
51247 i P 0 <1> Yes
S124g Vi P 0 <1> Yes
51249 Vi P 0 <1l> Yes
512410 1% P 0 <1l> Yes
51551 ‘/1 P1 0 <1l> Yes
S155, Vi P 0 <1l> Yes
S155s Vi P 0 <1l> Yes
5186 Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

6.1.4 The Linear Group L;3(7)

The linear group L3(4) is of order 1876896 We study simple modules in fields
of characteristic p € {2} and present our results below.
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Characteristic 2

Table 6.11: The Group L3(7) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sh Vso Py 5 QD3 Yes
556 V;; P1 2 Cg X CQ Yes*
8152 ‘/4 Pl 2 Cg X 02 Yes*
S50 Vi P 2 Cy x Oy Yes*
5152 ‘/4 P1 2 Cg X C2 Yes*
8288 i P 0 <1l> Yes
8288 i P 0 <1l> Yes
5288 i P 0 <1> Yes
Sass i P 0 <1> Yes
5288 Vi P 0 <1> Yes
8288 ‘/1 P1 0 <1l> Yes
S342 Vie Ps 4 Q16 No

Only module in block with defect 4 has source that is not endo-permutation
modules. All other modules have sources that are endo-permutation modules.

6.1.5 The Linear Group L4(3)

The linear group L3(3) is of order 6065280 = 27 - 3% -5 - 13 We study simple
modules in fields of characteristic p € {2,3} and present our results below.
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Characteristic 2

Table 6.12: The Group Ly(3) for characteristic 2

89

Module | Vertex | Source | Defect Defect Group Endo-permutation?

Si Vias P 7 (Dg x Dg) : Cy Yes
S, Viag Ps 7 (Dg x Dg) : Cy No
S96, Viag Py 7 (Dg x Dg) : Cy No
Sag Viasg Py 7 (Dg x Dg) : Cy No
S208, Vias Pis 7 (Dg x Dg) : Cy No
S208, Vias Py 7 (Dg x Dg) : Cy No
S260 Vao Py 5 (Cy x Cy x Cy) : (Cy x Cy) Yes
Sat6 Vi Py 2 Cy Yes
56401 Vi P 0 <1> Yes
S6402 Vi P 0 <1> Yes
S6405 i P 0 <1> Yes
56404 ‘/1 P1 0 <1> Yes

All modules that lie in the principal block, with defect 7, have sources that
are not endo-permutation modules.
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Characteristic 3

Table 6.13: The Group L4(3) for characteristic 3

Module | Vertex | Source | Defect Defect Group Endo-permutation
S1 V29 Py 6 ((C3 x ((C3 x C3) : C3)) : C3) : C3 Yes
Sﬁ ‘/729 P@ 6 ((Cg X ((03 X 03) : 03)) : 03) : 03 No
S1o Voo P 6 ((C3 x ((C3 x C3) : Cy)) : C3) : Cs No
510 ‘/729 P10 6 ((Cg X ((03 X Cg) : 03)) : Cg) : 03 No
515 ‘/729 P15 6 ((03 X ((03 X Cg) . 03)) . 03) . 03 No
Slg ‘/729 P19 6 ((03 X ((03 X 03) . Cg)) . 03) . 03 No
544 ‘/729 P44 6 ((Cg X ((Cg X Cg) : 03)) : 03) : Cg No
Sus Veag Pys 6 ((C3 x ((C3 x C3) : Cy)) : C3) : Cs No
545 ‘/729 P45 6 ((Cg X ((03 X Cg) : 03)) : Cg) : 03 No
569 V729 P69 6 ((Cg X ((Cg X Cg) . Cg)) . Cg) . 03 No
5126 ‘/729 P126 6 ((03 X ((03 X Cg) . Og)) . 03) : 03 No
5126 ‘/729 P126 6 ((Cg X ((Cg X Cg) : Cg)) : 03) : 03 No
Sise Voo Pis 6 ((C3 x ((C3 x C3) : Cy)) : C3) : Cs No
So94 Vg Pooy 6 ((C3 x ((C3 x C3) : Cy)) : C3) : Cs No
5729 Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 6, have sources that
are not endo-permutation modules.

6.1.6 The Linear Group L;3(3)

The linear group L3(3) is of order 5616 = 2*-33-13 We study simple modules
in fields of characteristic p € {3,13} and present our results below.
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Characteristic 3

Table 6.14: The Group L3(3) for characteristic 3
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/27 P1 3 (03 X Cg) : 03 Yes
Ss Ver | P 3| (CyxCy):Cy No
53 ‘/27 P3 3 (Cg X 03) : Cg No
S@ Vor B 3 (Cg X 03) : 03 No
SG ‘/27 P6 3 (Cg X 03) . Cg No
S7 ‘/27 P7 3 (05 X Cg) : 03 No
Sis | Var | P 3 | (CyxCy):Cy No
515 ‘/27 P15 3 (Cg X Cg) : Cg No
527 ‘/1 P1 0 <1> Yes

All modules that lie in the principal block, with defect 3, have sources that
are not endo-permutation modules.

Characteristic 13

Table 6.15: The Group L3(3) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S Vis P 1 y3 Yes
Si Vis Py 1 Cis Yes
813 ‘/1 P, 1 0 <1l> Yes
Sie Vis P 1 Cis No
5261 Vi P 0 <1> Yes
Sa6, Vi P 0 <1> Yes
5263 ‘/1 P, 1 0 <1> Yes
S39 Vi P 0 <1l> Yes

Only module Si¢ in the block, with defect 1, has sources that are not endo-
permutation modules.

6.1.7 The Linear Group Ls3(4)

The linear group L3(3) is of order 20160 = 2° - 32 - 5- 7. Tt has presentation
< a,bla® = b* = (ab)" = (ab?®)® = (abab®)" = (ababab*ab™')’ = 1 > We
study simple modules in fields of characteristic p € {2,3,5,7} and present
our results below.
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Characteristic 2

Table 6.16: The Group L3(4) for characteristic 2

Module | Vertex | Source | Defect Defect Group EP?
Sl ‘/64 P1 6 ((Cg X CQ X CQ X CQ) : Cg) : CQ Yes
Sgl %4 Pg 6 ((OQ X 02 X 02 X 02) : CQ) : 02 No
582 ‘/64 Pg 6 ((02 X CQ X 02 X CQ) : Cg) : 02 No
591 ‘/64 Pg 6 ((Cz X CQ X Cz X 02) : Cg) : CQ No
So, Visa Py 6 ((Cy x Cy x Cy x Cy) : Cy) : Cy | No
564 i P 0 <1> Yes

Here, read EP as Endo-permutation.
All modules that lie in the principal block, with defect 6, have sources that
are not endo-permutation modules.
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Characteristic 3

Table 6.17: The Group L3(4) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/9 P 2 Cg X 03 Yes
5151 ‘/g P6 2 Cg X 03 No
5152 VE) P6 2 03 X 03 No
S1s, Vo Py 2 C3 x C3 No
S19 Vo P 2 C3 x C3 No
5451 Vi P 0 <1> Yes
5452 Vi P 0 <1l> Yes
5631 Vi P 0 <1l> Yes
5632 Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 2, have sources that
are not endo-permutation modules.

Characterisitc 5

Table 6.18: The Group L3(4) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 Vs P 1 Cs Yes
S92 Vi P 0 <1l> Yes
S35, Vi Py 0 <1> Yes
5352 Vi P 0 <1l> Yes
5353 i P 0 <1l> Yes
5451 Vi P 0 <1l> Yes
S4s, Vi P 0 <1l> Yes
Se3 Vs Ps 1 Cs No

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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Characteristic 7

Table 6.19: The Group L3(4) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
51 ‘/7 P 1 1 07 Yes
St Vz P 1 C; No
S35, Vi P, 0 <1> Yes
5352 Vi P 0 <1l> Yes
5353 i P 0 <1l> Yes
545 V} P 3 1 07 No
5631 i P 0 <1> Yes
Se3, Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

6.1.8 The Linear Group L3(5)

The linear group L3(5) is of order 372000 = 2°-3-53-31. It has presentation
< a,bla® = b° = aba'baba " b*ab"?a'b? = abab ?(a"*b*a1b %) =1 > We
study simple modules in fields of characteristic p € {2,3,5,31} and present
our results below.



6.1. LINEAR GROUPS CONTINUED

Characteristic 2

Table 6.20: The Group L3(5) for characteristic 2
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/32 P1 5 (C4 X 04) : CQ Yes
S30 ‘/16 P1 4 (04 X 04) Yes
5961 Vi P 0 <1l> Yes
5962 i P 0 <1> Yes
S96, Vi P 0 <1l> Yes
5964 Vi P 0 <1l> Yes
5964 Vi P 0 <1l> Yes
5965 Vi P 0 <1l> Yes
5966 i P 0 <1l> Yes
So6, Vi P 0 <1l> Yes
So6s Vi Py 0 <1l> Yes
5969 Vi Py 0 <1l> Yes

S124, Vs Py 3 Cs Yes™
51242 ‘/16 P4 4 (04 X 04) No
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Characteristic 3

Table 6.21: The Group L3(5) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/3 P 1 1 Cg Yes
S30 Vi P 0 <1l> Yes
S311 VE), P 1 1 03 Yes*
Ss1, Vs P 1 Cs Yes*
S31, Vs P 1 Cs Yes*
5961 Vi Py 0 <1l> Yes
S962 Vi P 0 <1l> Yes
S963 Vi P 0 <1l> Yes
S964 i P 0 <1l> Yes
So6s i P 0 <1l> Yes
So6, Vi Py 0 <1> Yes
5967 Vi P 0 <1l> Yes
3968 Vi P 0 <1l> Yes
5969 i P 0 <1l> Yes

S964, i P 0 <1> Yes
Si24, V3 Py 1 Cs Yes*
51242 VE; P, 1 1 Cg Yes*
51243 ‘/3 P. 2 1 03 No
51244 VE), P, 2 1 03 No
51245 ‘/3 Pl 1 03 Yes*
S1244 Vs P 1 Cs Yes*
5186 Vi P 0 <1l> Yes
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Characteristic 5

Table 6.22: The Group L3(5) for characteristic 5
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Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vias P 3 (C5 x Cs) : Cs Yes
Ss, Vias Py 3 (C5 x C5) : Cs No
S3, Vias Py 3 (C5 x C5) : Cs No
Se, Vias Ps 3 (C5 x C5) : Cs No
Sés Vias P 3 (C5 x C5) : Cs No
Sg Vias P 3 (C5 x Cy) : Cs No
Sto, Vias Py 3 (C5 x Cs) : Cs No
S10, Vias Py 3 (C5 x C5) : Cs No
S1s, Vias P 3 (C5 x C5) : Cs No
5152 ‘/125 P15 3 (05 X 05) : C5 No
Sis, Vias Prs 3 (C5 x Cs) : Cs No
Sis, Vias Pis 3 (C5 x Cs) : Cs No
5181 ‘/125 P18 3 (05 X 05) : 05 No
Sis, Vias Pig 3 (C5 x C5) : Cs No
Sy | Viss | P | 3 | (CoxCs):Ch No
S35, Vias Ps5 3 (C5 x Cy) : Cs No
S35, Vias Py 3 (C5 x Cs) : Cs No
S39, Vias Py 3 (C5 x C5) : Cs No
S39, Vias Py 3 (C5 x C5) : Cs No
S60, Vias P 3 (C5 x C5) : Cs No
S60, Vias P 3 (C5 x Cs) : Cs No
Sé3 Vias P 3 (C5 x Cs) : Cs No
S90, Vias Py 3 (Cs5 x C5) : Cs No
S90, Vias Py 3 (C5 x Cs) : Cs No
Si2s Vi Py 0 <1l> Yes

All modules that lie in the principal block, with defect 3, have sources that
are not endo-permutation modules.
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Characteristic 31

Table 6.23: The Group L3(5) for characteristic 31

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/31 P1 1 031 Yes
Sag Va1 Py 1 C31 No
3311 i P 0 <1l> Yes
3312 i P 0 <1l> Yes
S31, i P 0 <1l> Yes
So6 Va1 P3 1 Cs1 No

»5’1241 Vi P 0 <1> Yes
51242 Vi P1 0 <1l> Yes
51243 i P 0 <1> Yes
S124, i P 0 <1l> Yes
S1245 i P 0 <1> Yes
51246 ‘/1 P1 0 <1l> Yes
51247 ‘/1 P1 0 <1l> Yes
51248 i P 0 <1> Yes
51249 Vi P 0 <1l> Yes
S12410 i P 0 <1> Yes
51551 Vi P 0 <1l> Yes
51552 i P 0 <1l> Yes
51553 i P 0 <1l> Yes
5186 i P 0 <1> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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6.1.9 The Linear Group L;3(7)

The linear group L3(7) is of order 1876896. We study simple modules in
fields of characteristic p € {2} and present our results below.

Characteristic 2

Table 6.24: The Group L3(7) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si V3o Py b} QD3 Yes
556 ‘/;1 P1 2 CQ X Cg Yes*

Sts52, Vi P 2 Cy x Cy Yes*
S152, Vi P 2 Cy x Oy Yes*
51523 ‘/4 P1 2 Cg X Cg Yes*
82881 ‘/1 P1 0 <1l> Yes
52882 i P 0 <1l> Yes
52883 Vi P 0 <1> Yes
Soass, Vi P 0 <1l> Yes
52885 Vi P 0 <1l> Yes
82886 Vi P 0 <1l> Yes
S342 Vie Ps 4 Q16 No

All modules that lie in the block, with defect 4, have sources that are not
endo-permutation modules.

6.2 Unitary Groups

6.2.1 The Unitary Group U;(3)

The unitary group Us(3) is of order 6048 = 25 - 3% . 7. It has presentation
< a,bla® = b5 = (ab)" = [a, (ab?)?] = B3[b?, ab®a]®> = 1 > We study simple
modules in fields of characteristic p € {2,3,5,7} and present our results
below.
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Characteristic 2

Table 6.25: The Group U;(3) for characteristic 2

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sy Vso P 5 (Cy x Cy) : Cy Yes
Se Vao Ps 5 (Cy x Cy) : Cy No
S1a Vio Py 5 (Cy x Cy) : Cy No
S32, Vi P 0 <1> Yes
S32, Vi P 0 <1> Yes

All modules that lie in the principal block, with defect 5, have sources that
are not endo-permutation modules.
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Characteristics 3

Table 6.26: The Group U;(3) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sh Var P 3 (C3 x C3) : Cs Yes
S31 Var P3 3 (Cg X Cg) 1 C No
532 Var P3 3 (03 X 03) 1 (s No
Sé, Vor Ps 3 (C3 x C3) : Cs No
Sé, Var P 3 (C3 x C3) : Cs No
57 ‘/27 P7 3 (Cg X Cg) : Cg No
Sis, Var Pi5 3 (C3 x C3) : C3 No
S1s, Var Py 3 (C3 x C3) : C3 No
827 ‘/1 P1 0 <1> Yes

All modules that lie in the principal block, with defect 3, have sources that
are not endo-permutation modules.

Characteristic 7

Table 6.27: The Group U;(3) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S V- P 1 C; Yes
Se Vz P 1 Cr No
Sz, i P 0 <1> Yes
572 ‘/1 P, 1 0 <1l> Yes
573 ‘/1 P 1 0 <1l> Yes
814 i P 0 <1> Yes
So1, i P 0 <1l> Yes
5212 ‘/1 P, 1 0 <1> Yes
5213 Vi P 0 <1l> Yes
826 ‘/7 P 5 1 07 No
5281 Vi P 0 <1> Yes
Sas, Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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6.2.2 The Unitary Group U;(4)

The unitary group Us(4) is of order 62400 = 26-3-5%-13. Tt has presentation
< a,bla* =0 = (ab)"® = [a,b]’ = [a, babab]® = 1 > We study simple modules
in fields of characteristic p € {2,3, 5,13} and present our results below.

Characteristic 2

Table 6.28: The Group U;(4) for characteristic 2

Module | Vertex | Source | Defect Defect Group EP?
S Visa P 6 (Cy x Cq).(Cy x Cy x Cy x Cy) | Yes
Ss, Via Py 6 (Cy x Cy).(Cy x Cy x Cy x C) | No
532 ‘/64 P3 6 (CQ X CQ)(CQ X Cg X 02 X Cg) No
533 ‘/64 Pg 6 (02 X 02)(02 X 02 X 02 X 02) No
534 ‘/64 P3 6 (CQ X CQ)(CQ X CQ X CQ X CQ) No
Sgl ‘/64 Pg 6 (Cg X 02)(02 X 02 X 02 X Cg) No
Ss, Via Py 6 (Cy x Cy).(Cy x Cy x Cy x C) | No
Sgl ‘/64 Pg 6 (Cg X CQ)(C2 X CQ X 02 X Cg) No
892 %4 Pg 6 (02 X 02)(02 X 02 X CQ X 02) No
593 ‘/64 Pg 6 (CQ X CQ)(CQ X 02 X 02 X 02) No
594 ‘/64 Pg 6 (02 X CQ)(OQ X 02 X OQ X Cg) No
Say, Visa Py 6 (Cy x Cq).(Cy x Cy x Cy x C) | No
5242 ‘/64 P24 6 (Cg X CQ)(CQ X Cg X 02 X CQ) No
5243 %4 P24 6 (02 X 02)(02 X 02 X 02 X 02) No
3244 ‘/64 P24 6 (02 X 02)(02 X 02 X 02 X 02) No
564 i P 0 <1> Yes

Here, read EP as Endo-permutation All modules that lie in the principal
block, with defect 6, have sources that are not endo-permutation modules.
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Characteristic 3

Table 6.29: The Group Us(4) for characteristic 3

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V3 P1 1 Cg Yes
812 i P 0 <1l> Yes
5131 ‘/é P1 0 03 Yes*
5132 V; P1 0 03 Yes*
S13, Vs P 0 Cs Yes*
5134 ‘/3 P1 1 Cg Yes*
5391 Vi P 0 <1l> Yes
5392 Vi P 0 <1l> Yes
5521 VE; P1 0 03 Yes*
Ss2, Vs P 1 Cs Yes*
5523 ‘/3 P1 0 Cg Yes*
5524 ‘/:3 P1 0 03 Yes*
864 ‘/Eg P1 0 03 Yes*
5751 i P 0 <1> Yes
Sts, Vi P 0 <1l> Yes
S5, Vi P 0 <1> Yes
5754 Vi P 0 <1l> Yes

All modules have sources that are endo-permutation modules.

Characteristic 5

Table 6.30: The Group Us(4) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/25 P1 2 C5 X C5 Yes
Si2 Vas Py 2 Cs x Cs No
S3g Vas Py 2 Cs x Cs No
Ses Vs P 2 C5 x Cs Yes*
S7s, Vi P 0 <1> Yes
5752 Vi Py 0 <1l> Yes
5753 Vi P 0 <1l> Yes
5754 Vi P 0 <1l> Yes

All modules; except Sgs; that lie in the principal block, with defect 2, have
sources that are not endo-permutation modules.
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Characteristic 13

Table 6.31: The Group U;(4) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Si Vis P, 1 Cis Yes
Sia Vis Py 0 Cis No
3131 Vi P13 0 <1l> Yes
5132 i Pis 0 <1l> Yes
S1a, Vi Pis 0 <1l> Yes
Sis, i Pis 0 <1> Yes
5391 i ng 0 <1> Yes
Sgg2 i ng 0 <1l> Yes
3521 Vi P52 0 <1> Yes
Ss2, Vi P 0 <1> Yes
Ss2, i Py 0 <1l> Yes
5524 ‘/1 P52 0 <1l> Yes
Se3 Viz Pry 1 C13 No
3651 Vi Pss 0 <1l> Yes
5652 i Psys 0 <1> Yes
Sé5s Vi Pss 0 <1> Yes
5654 Vi P65 0 <1l> Yes
S655 |4 Fss 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

6.2.3 The Unitary Group U,(2)

The unitary group Uy(2) is of order 25920 = 26 - 3*. 5. It has presentation
< a,bla®* =0 = (ab)? = [a,b]® = [a,bab]* = 1 > We study simple modules in
fields of characteristic p € {2,3,5} and present our results below.
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Characteristic 2

Table 6.32: The Group Uy(2) for characteristic 2
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Module | Vertex | Source | Defect Defect Group Endo-permutation?
S1 Vi P 6 ((Cy x Cy x Cy x Cy) : Cy) = Cy Yes
54 ‘/64 P4 6 ((CQ X Cg X 02 X Cg : CQ) : 02 No
S4 ‘/64 P4 6 ((CQ X 02 X CQ X 02 : CQ) . Cg No
SG ‘/64 P6 6 ((02 X Cg X 02 X CQ : 02) . 02 No
514 ‘/64 P14 6 ((CQ X Cg X 02 X Cg : CQ) : 02 No
Sa0, Vi Py 6 ((Cy x Cy x Cy x Cy) : Cy) = Cy No
S50, Via Py 6 ((Cy x Cy x Cy x Cy) : Cy) = Cy No
564 Vl P1 0 <1> Yes

All modules that lie in the principal block, with defect 6, have sources that
are not endo-permutation modules.

Characteristic 3

Table 6.33: The Group Uy(2) for characteristic 3

Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sy Va1 P 4 (C3 x O3 x C3): Cy Yes
S5 Va1 P 4 (C3 x C3 x C3) : Cs No
Sio Va1 P 4 (C3 x C3 x C3) : Cs No
Sta Va1 Py 4 (C3 x C3 x C3) : C3 No
Sas Va1 Pys 4 (C3 x C3 x C3) : C3 No
Sgl ‘/1 P1 0 <1> Yes

All modules that lie in the principal block, with defect 4, have sources that
are not endo-permutation modules.
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Characteristic 5

Table 6.34: The Group Uy(2) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/:5 P 1 1 05 Yes
85 i P 0 <1l> Yes
S5 i P 0 <1> Yes
Se Vs P 1 Cs Yes*
510 i P 0 <1l> Yes
SlO i P 0 <1l> Yes
515 i P 0 <1l> Yes
515 i P 0 <1> Yes
S92 i P 0 <1l> Yes
Sas Vs P 1 Cs No
530 Vi P 0 <1l> Yes
Sg() Vi P 0 <1l> Yes
530 i P 0 <1l> Yes
S4o i P 0 <1> Yes
S0 i P 0 <1> Yes
545 Vi P 0 <1l> Yes
545 i P 0 <1l> Yes
558 V}) P 3 1 05 No
560 i P 0 <1> Yes

All modules;except Sg; that lie in the principal block, with defect 1, have
sources that are not endo-permutation modules.

6.3 Suzuki Group

6.3.1 The Suzuki Group Sz(8)

The suzuki group Sz(8) is of order 29120 = 2°.5.7-13. It has presentation
< a,bla®* =0 = (ab)? = [a,b]® = [a,bab]* = 1 > We study simple modules in
fields of characteristic p € {2,5,7,13} and present our results below.
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Characteristic 2

Table 6.35: The Group Sz(8) for characteristic 2
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Module | Vertex | Source | Defect Defect Group Endo-permutation?
Sl ‘/64 P1 6 (02 X 02 X 02)(02 X Cg X CQ) Yes
Sa, Via Py 6 (Cy x Cy x C3).(Cy x Cy x Cy) No
542 ‘/64 P4 6 <C2 X Cg X C2)<C2 X Cg X 02) No
543 ‘/64 P6 6 (OQ X 02 X OQ)(OQ X 02 X Og) No
5161 ‘/64 P16 6 (02 X Cg X 02)(02 X CQ X CQ) No
5162 ‘/64 P16 6 (02 X Cg X CQ)(CQ X Cg X CQ) No
S16, Vi P 6 (Cy x Cy x C3).(Cy x Cy x Cy) No
Se4 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.

Characteristic 5

Table 6.36: The Group Sz(8) for characteristic 5

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
S1 Vs P 1 Cs Yes
S14, Vs Py 1 Cs No
5142 ‘/5 P4 1 C5 No
5351 i P 0 <1l> Yes
5352 Vi P 0 <1l> Yes
5353 i P 0 <1> Yes
Se3 Vs P; 0 Cs No
5651 Vi Py 0 <1l> Yes
5652 Vi P 0 <1l> Yes
5653 Vi P 0 <1l> Yes

All modules that lie in the principal block, with defect 1, have sources that
are not endo-permutation modules.
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Characteristic 7

Table 6.37: The Group Sz(8) for characteristic 7

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl V7 P 1 1 C7 Yes
5141 i P 0 <1l> Yes
3142 i P 0 <1l> Yes
3351 i P 0 <1l> Yes
S35, i P 0 <1l> Yes
S35, Vi P, 0 <1> Yes
564 ‘/7 P, 1 0 C7 Yes*
591 i P 0 <1l> Yes

All modules have sources that are endo-permutation modules.

Characteristic 13

Table 6.38: The Group Sz(8) for characteristic 13

Module | Vertex | Source | Defect | Defect Group | Endo-permutation?
Sl ‘/13 P1 1 Clg Yes
Sia, Vis Py 1 Cis Yes™
5142 Vis P 1 Ci3 Yes*
S35 Vis Py 1 Cis No
5651 Vi P 0 <1l> Yes
5652 Vi )= 0 <1l> Yes
3653 Vi P 0 <1l> Yes
591 i P 0 <1l> Yes
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Conclusion

In this chapter we summarize our observations from the data collected.

7.1 Observations

1.

Most of the cases where the source is endo-permutation, it is the trivial
module.

(a) Of these cases, in most cases, the modules belong to a block of
defect 0.

(b) In other cases, source module was explicitly calculated.

. The higher the defect of a block, higher the chances of it implying that

modules liyng in the block have sources that are not endo-permutation
modules.

. The higher the characterisitc of the field, higher the chances of it all

that modules have sources that are not endo-permutation modules even
with a small defect.

. In cases where our computer program returns a false value for IsPer-

mutationModule on the restriction, source module is endo-permutation
if and only if it is the trivial 1-dimensional module.

All modules lying in blocks of defect d = 7 have sources that are not
endo-permutation modules.

Almost all modules lying in blocks of defect d = 6 have sources that
are not endo-permutation modules.

109
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7. Almost all modules considered in a field of characteristic greater than 7
have sources that are not endo-permutation modules.



Chapter 8

Appendix: Functions Used

We give a list of commands in MAGMA and GAP that were useful for us.
[Cra] [BCP97]
1. StructureDescription(G)

The method for StructureDescription exhibits a structure of the given
group G to some extent, using the strategy outlined below. The idea
is to return a possibly short string which gives some insight in the
structure of the considered group. This is a GAP command.

2. IrreducibleModules(G, K : parameters) : Grp, Fld -> SegEnum
AbsolutelyIrreducibleModules(G, K : parameters)
Grp, Fld -> SeqEnum

were used these to get all the irreducible K G-modules.

3. IsPermutationModule(M) : ModRng -> BoolElt

Returns true if and only if the generators of the matrix algebra A are
permutation matrices, for a given A-module M.

4. Vertex(M : parameters) : ModGrp -> Grp

Returns a representative V of the conjugacy class of vertices of M, V a
subgroup of G where M is a K[G]-module. It is necessary that M be an
simple K[G]-module, where G is a finite group, and K is a finite field.
These conditions are not checked by the function.

5. Source(M : parameters) : ModGrp -> ModGrp, ModGrp
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Returns a source module S for the simple G-module M. The group of S
is a vertex for M. The second return value is the Green correspondent
of M. The parameter H is as for the Vertex command above, and is
passed to it.

In all the cases, it is important to choose a field big enough such that the
modules can decompose completely in the chosen field. It is possible that
a field big enough for a group might not be big enough for its subgroups
and hence, we may calculate wrong source. We have taken this into account
while calculating sources of all the modules we encountered and made sure
that, in each case, our field was big enough.
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